Contest Problems

ORMC Math Circle

For our last class of 2025, I thought we should spend some time doing what we do best:
problem solving! 1 hope you find plenty of interesting ideas here. Enjoy!

1. The infinite city of Metropolis is built on a rectangular coordinate grid. For every pair
of whole numbers (x,y), the Metropolitans build a building of height xy — 6z — 4y
at the location (z,y). (If the expression is negative, the building is an underground
cellar.) How many buildings have height exactly 20247

2. For which integers n is (n? + n)? + 3 a prime number?

3. Jessica rolls a fair die until she gets three 6s in a row, at which point she stops. What
is the expected number of times that Jessica will roll the die?

4. Let ABCDFE be a pentagon such that the perpendicular bisector of AB contains the
vertex D and intersects AB at a point P. Also suppose the pentagon is symmetric
with respect to PD and that AE || BC. If BC' =6, AB = 14, and DP = 13, what is
the area of the pentagon?

5. If a,b, c are positive real numbers with 2a + 4b + 8c = 16, what is the largest possible
value of abc?
6. Let n > 3 be a positive integer. Consider polynomials of the form

P(x) = apa™ + ap_12" "t + -+ + a1 for which none of a,, a,_1, and a; are integers.
Determine, with proof, whether it is possible for P(m) to be an integer whenever m is
an integer.

7. Find all functions f : Z — Z satisfying

fl@)+ fly) = flz+y) = flay +1)

for all integers x and .

8. A polynomial of degree 2022 satisfies P(n) = 2022" for n = 0,1,...,2022. What is
P(2023)?

r— r
9. Show that no primes 2 < p < ¢ < r exist such that 7 and P are both perfect
p q

squares.



10.

11.

12.

13.

14.

Triangles ABC and A'B’'C’ are such that the circumcircle of ABC' is tangent to B'C’
at A and the circumcircle of A’B’C” is tangent to BC at A’. Let X be the intersection
of AB and A’B’, and let Y be the intersection of AC' and A'C".

Show that ZAXA" = LAY A'.

(*) A triangle has side lengths a, b, ¢, and the altitudes have lengths h,, hy, h.. Prove

that
2 2 2
1 + i —+ i >4
ha hy h.) —

(*) Given a graph G, let x(G) be the minimum number of colors required to color the
vertices of GG such that no two adjacent vertices are assigned the same color. Let m be

the number of edges in G. Prove that x(G) < 1 + 4/2m + ;.

(IMO SHL 2000%)

Let a, b, c be positive integers satisfying the conditions b > 2a and ¢ > 2b. Show that

there exists a real number \ with the property that all the three numbers Aa, Ab, Ac
12

have their fractional parts lying in the interval (5, 5} .

(IMO SHL 2013%)

Prove that there exist infinitely many positive integers n such that the largest prime
divisor of n* + n? + 1 is equal to the largest prime divisor of (n + 1)* + (n + 1)% + 1.



