ORMC AMC 10/12 25S WEEK 10: FINAL CLASS!

SET 1

Problem 1 (8 Points). A line that passes through the origin intersects both the line z = 1 and the line
y=1+ ?33 The three lines create an equilateral triangle. The perimeter of the triangle can be represented
as a + by/a. Find the value of a + b.

Problem 2 (8 Points). Each square in a 3 x 3 grid of squares is colored red, white, blue, or green so that
every 2 X 2 square contains one square of each color. One such coloring is shown on the right below. How
many different colorings are possible?

Problem 3 (8 Points). In the figure below, N congruent semicircles are drawn along a diameter of a large
semicircle, with their diameters covering the diameter of the large semicircle with no overlap. Let A be the
combined area of the small semicircles and B be the area of the region inside the large semicircle but outside
the small semicircles. The ratio A : B is 1:18. What is N?

Problem 4 (8 Points). Find the number of positive integers n less than 10000 such that there are more 4’s
in the digits of n + 1 than in the digits of n.

Problem 5. Three distinct integers are chosen uniformly at random from the set
2021, 2022, 2023, 2024, 2025, 2026, 2027, 2028, 2029, 2030.

Compute the probability that their arithmetic mean is an integer.

Date: April 2025.



SET 2

Problem 6 (9 Points). For certain real numbers a, b, and ¢, the polynomial
g(x) =2* +ax? +x+10
has three distinct roots, and each root of g(x) is also a root of the polynomial
f(@) = 2" + 2% + ba® + 100z + c.
What is f(1)?

Problem 7 (9 Points). Let AABC be an isosceles triangle with BC' = AC and ZACB = 40°. Construct
the circle with diameter BC, and let D and E be the other intersection points of the circle with the sides
AC and AB, respectively. Let F be the intersection of the diagonals of the quadrilateral BCDE. What is
the degree measure of ZBFC?

Problem 8 (9 Points). How many nonnegative integers less than 2019 are not solutions to
28+ 425 — 22+ 3 =0 (mod 7)

Problem 9 (9 Points). Charles has two six-sided die. One of the die is fair, and the other die is biased so
that it comes up six with probability % and each of the other five sides has probability %5 Charles chooses
one of the two dice at random and rolls it three times. Given that the first two rolls are both sixes, the
probability that the third roll will also be a six is 57 where p and ¢ are relatively prime positive integers.

Find p + q.

Problem 10 (9 points). The polynomial 22 — 322 + 2z +6 has roots a, b, c. Let P(x) be the monic polynomial
with roots ab, be, ac. Compute P(1).



SET 3

Problem 11 (11 Points). There exist r unique nonnegative integers ny > ng > .-+ > n, and r unique
integers ax (1 < k < r) with each ay, either 1 or —1 such that

a13™ 4+ ax3™ + - -+ + a,.3"" = 2008.
Find ny +ng +--- +n,.

Problem 12 (11 Points). Find the sum of all solutions to
(22 — 10z — 12)*"+52+2 — 1

Problem 13 (11 Points). Let ABCD be a square, and let E and F be points on AB and BC, respectively.
The line through E parallel to BC and the line through F parallel to AB divide ABCD into two squares

and two nonsquare rectangles. The sum of the areas of the two squares is % of the area of square ABCD.

1
AE  EB
Find 22 £
ind 75+ AE

Problem 14 (10 points). There is a chinese dice game, played during the Mid-Autumn Festival, where
players take turns throwing six standard six-sided dice, with a chance to win mooncakes based on what they
roll.

To win the largest prize mooncake, a player must roll either six of the same number, five of the same
number, or four fours. To the nearest integer, what is the expected number of rolls needed for that to
happen?

Problem 15 (11 Points). Connie finds a whiteboard that has magnet letters spelling MISSISSTPPI on
it. She can rearrange the letters, in which identical letters are indistinguishable. If she uses all the letters
and does not want to place any Is next to each other, how many distinct rearrangements are possible?



SET 4

Problem 16 (12 Points). The real root of the equation 82% — 322 — 3z — 1 = 0 can be written in the form

3
M, where a, b, and c¢ are positive integers. Find a 4+ b+ c.

Problem 17 (12 Points). A sphere with center O has radius 6. A triangle with sides of length 15, 15, and
24 is situated in space so that each of its sides are tangent to the sphere. What is the distance between O
and the plane determined by the triangle?

Problem 18 (12 Points). A positive integer is called extra-even if all of its digits are even. Compute the
number of positive integers n less than or equal to 2022 such that both n and 2n are both extra-even.

Problem 19 (12 Points). Richard and Shreyas are arm wrestling against each other. They will play 10
rounds, and in each round, there is exactly one winner. If the same person wins in consecutive rounds, these
rounds are considered part of the same “streak”. How many possible outcomes are there in which there are
strictly more than 3 streaks? For example, if we denote Richard winning by R and Shreyas winning by S,
SSRSSRRRRR is one such outcome, with 4 streaks.

Problem 20 (12 points). Compute the number of nonempty subsets S of 1,2,3,4,5,6,7,8,9,10 such that
max S + min S

2

is an element of S.



SET 5

Problem 21 (15 Points). Let x and y be complex numbers such that 22 + 32 = 31 and 23 + y* = 154. Find
the maximum possible real value of = + y.

Problem 22 (15 Points). In triangle ABC, ZABC =75 and ZBAC is obtuse. Points D and E are on AC
and BC such that g—g = g—g and ZDEC = ZEDC. Compute ZEDC' in degrees.

Problem 23 (15 Points). Ten chairs are arranged in a circle. Find the number of subsets of this set of
chairs that contain at least three adjacent chairs.

Problem 24 (15 Points). Luke the frog has a standard deck of 52 cards shuffled uniformly at random placed
face downon a table. The deck contains four aces and four kings (no card is both an ace and a king). Henow
begins to flip over the cards one by one, leaving a card face up once he has flipped it over. He continues
until the set of cards he has flipped over contains at least one ace and at least one king, at which point he
stops. What is the expected value of the number of cards he flips over?

Problem 25 (15 points). How many ways are there to completely fill a 3 x3 grid of unit squares with the
letters B,M, and T, assigning exactly one of the three letters to each of the squares, such that no 2 adjacent
unit squares contain the same letter? Two unit squares are adjacent if they share a side.



