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. General AM—GM Inequality. For positive real numbers ai,as,...,a, the following inequality

a1~|—a2+---+an
n

> JJaraz - ap,

Equality holds if and only if a1 =as =--- = a,.

. Cauchy—Buniakowski—Schwarz (CBS) Inequality. For any real numbers ay, as, . .., a,
and by, by, ..., b,, we have

(@ + a3+ +aZ)(b] + b5+ +b2) > (arby + asby + - - - + anby)?,

with equality if and only if there exists a constant ¢ such that a; = tb; for all 1 < i < mn,
or if one of the lists consists entirely of zeroes.

. Titu’s Lemma (Engel’s Form of Cauchy-Schwarz). For any real numbers

ai,das, . ..,a, and positive real numbers by, b, ..., b,, we have
a_§+a_§+ +§>(a1+a2+~-+an)2
by by bn = bit+ba+---+0b,

. Rearrangement Inequality. Let (a;); and (b;)!; be sequences of positive numbers
increasing or decreasing in the same direction. That is, either

ay > ay>--->a, and by >by>--->b,,

or
ap <as<---<a, and b <by<---<b,.

Then, for any permutation (¢;)"_; of the numbers (b;)",, we have

n n n
E a;b; > E a;c; > E aibp_iq1.
i1 i—1 i=1

That is, the maximum of the sum occurs when the two sequences are similarly sorted,
and the minimum occurs when they are oppositely sorted.



5. Chebyshev’s Inequality. Let a; > as > --- > a, and by > by > --- > b, be real

numbers. Then . . .
i=1 i=1 i=1

On the other hand, if a; > ay > --- > a, and b, > b,_1 > --- > by, then

Problems:

1. Let ay,ao,...,a, be positive real numbers such that aas---a, = 1. Then

(I14+a)(14+ag) - (1+a,) >2"

2. Let a,b,c > 0. Then
at B A
—+—+—>a+b+c
bc  ca ab

3. Let a,b,c > 0. Show that

a* + bt + ¢ > a®be + b?ca + Fab.

4. (Tournament of Towns 1993) If the equation z* + az® + 222 + bxr + 1 = 0 has at least
one real root, then a? + b? > 8.

5. (Nesbitt’s Inequality) For positive real numbers a, b, ¢, prove that

a b c 3
>

b+c+c+a+a+b_ 2

6. If a, b, c are three positive real numbers, then:

a N b n & S 9
(b+¢)?  (c+a)? (a+b)? " 4la+b+c)

7. Prove that if n > 3 and z4,--- , z, have product 1, then:

1 1 1

+ 4+ > 1
l+z14+x129 14 29+ 2973 1+ 2z, +x,71

8. (Junior TST 2002) If a, b, c € (0,1) prove that:

Vabe+ /(1 —a) (1 —b)(1—c) < 1.



10.

11.

12.

(JBMO 2002 Shortlist) If a, b, ¢ are positive real numbers such that abc = 2, then:

S+ +E>avb+ce+bvV/e+ a+ceva+b.

When does equality hold?

(IMO 1981; P1) Let P be a point inside a given triangle ABC'. Let D, E, F' be the feet
of the perpendiculars from P to the lines BC, C A, AB, respectively. Find all points P

for which
BC C(CA AB

PD+PE+PF

is minimized.
(2001 IMO Shortlist; A3) Let x4, xs, ..., x, be arbitrary real numbers. Prove that

T z T,
— + et <.

1+22 1+ 22+ 23 Tttt

(2009 USAMO; P4) For n > 2, let ay, as, . .., a, be positive real numbers such that
11 1 1\?

(a1 +ax+-+a,) | —+—++— )< (n+5] .

ap az anp 2

Prove that
max(ay, az, ..., a,) <4 min(ay, as, ..., a,).



