AMC 8 Training: Algebra Skills and Applications

Connor Zhao

1. Expressions and Simplification

Algebraic simplification may involve distributing, combining like terms, factoring, and work-
ing with rational expressions.

Example 1. Simplify
(2x —=5)(x+3) — (z —4)(x + 1).

Solution.
(222 + 62 — 5 — 15) — (2* + & — 4z — 4)

(222 + 2 —15) — (2% — 3z — 4) = 2° + 4o — 11.

Problems

Problem 1.1. Simplify
Bz —2)(z —5) — (22 + 3)(x — 4).

Problem 1.2. Simplify and factor completely:

62> — 7w — 5+ (22 — 1)

Problem 1.3. Simplify the rational expression:

422 — 9

2¢ — 3

Problem 1.4. Simplify
-4 -1

r+2 x4+l

Problem 1.5. (Challenge) Expand and simplify

(22 =3z +2)(z —5) — (z° — 4)(z — 2).

2. Equations and Inequalities

Solving an equation means performing valid algebraic steps to isolate the variable. Equations
may involve fractions, square roots, or absolute values. For inequalities, we use the same
steps, except that multiplying or dividing by a negative number reverses the inequality sign.
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Example 2. Solve

Solution. Cross-multiply:

2r — 5 r+1

2

22z —-5)=3(r+1)=4r—-10=3x+3 =2 =13.

Problems

Problem 2.1. Solve

Problem 2.2. Solve

Problem 2.3. Solve

Problem 2.4. Solve the inequality

Problem 2.5. Solve

3. Systems of Equations

2:17—1_93+5
3 2

3z —4)—5=2x+1).

r—1 x+2
+ -

D.
3 6

2c+ 3
r—1

> 3.

|pr — 12| = 8.

A system of equations contains two or more equations with the same variables. Two common

methods are:

e Substitution: isolate one variable in one equation and substitute into the other.

e Elimination: add or subtract multiples of the equations to eliminate one variable.

Example 3A. Substitution Solve
2v — 3

Solution. From the first equation,

Substitute into the second:

2x — 3
T+

33
:10:3x+2x—3:3():>51‘:33:>x:E, y=—.

x4y = 10.




Example 3B. Elimination Solve

dr — 3y =11
2r+y=1

Solution. To eliminate y, multiply the second equation by 3:
6x + 3y = 3.

Add to the first: . 9
10x=14:>m:g, y=—=.

5
20 —y="7
2> —y=10

Solution. From the first equation, y = 2x — 7. Substitute:

Example 3C. Solve

-2 -T)=10=2"-2r+7=10=21"-20-3=0= (v —3)(x+1) =0.

So x =3 or x = —1, and then y = 2x — 7 gives (3, —1) and (—1, —9).

Problems
Problem 3.1.
3x + 2y = 28
r—y=1
Problem 3.2.
20 —y =5
fL‘2 _ y2 =7
Problem 3.3.
dor +y =17
3r — 2y =—1
Problem 3.4.

r+y=10
zy = 21

2?2 +y? =25
r+y="7

Problem 3.5. (Challenge)
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4. Word Problems

Word problems are solved by translating a real situation into algebraic equations. Typical
steps:

1. Define variables clearly.
2. Write equations for the relationships described.
3. Solve the equations and interpret the answers in context.

Many such problems involve consecutive integers, mixtures, geometry, or motion.

Example 4. A number added to twice its reciprocal equals 10. Find the number.

Solution. 5
r+-=10=22—-10x+2=0= 2 =5+ V23.
X

Problems
Problem 4.1. Three consecutive integers have product 990. Find the integers.

Problem 4.2. A rectangle’s diagonal is 13 and its length is 7 more than its width. Find the
length and width.

Problem 4.3. A mixture of 10% and 40% acid must produce 30 liters of 28% acid. How
many liters of each solution are needed?

Problem 4.4. A plane flies with a tailwind for 600 miles in 2 hours, and against the wind for
450 miles in 3 hours. Find the plane’s speed in still air.

29
Problem 4.5. (Challenge) A number and its reciprocal add to 10 Find the number.

5. Exponents and Radicals

Expressions with exponents and roots use rules such as

For square roots, va? = |a|. Equations may require rewriting bases to compare exponents
or simplifying radicals first.



Example 5. Solve
4z+1 _ 23:5—2.

Solution. Write 4 = 22:

22+2 — 93=2 4 93 4 2 =3 — 2= 1 =4.

Problems

Problem 5.1. Simplify
(z3y~2)?
iyt

Problem 5.2. Solve
321 = g1,

Problem 5.3. Simplify
V50 — V8 + V/18.

Problem 5.4. (Challenge) Solve
27+ 4 271 = 90,

6. Rates and Ratios

Rates compare two quantities with different units (like distance and time). A ratio compares
quantities of the same type, and a proportion says that two ratios are equal. For work and

travel: . .
work distance total distance

rate = ——, speed = ————, average speed = ——

time time

total time

Example 6. Two machines can finish a job in 4 hours and 6 hours. How long if both run
together?

Solution. Rates: i and % jobs per hour. Together:

12
= —— nours.
5/12 5

so the time is



Problems

Problem 6.1.

Problem 6.2.

Problem 6.3.

Problem 6.4.

A runs 8 mph and B runs 6 mph in the same direction. B starts first, and A
starts 15 minutes later. How long after A starts will A catch B?

Two pipes fill a tank in 4 hours and 12 hours, and a drain can empty the full
tank in 6 hours. If all three are open, how long does it take to fill the tank
from empty?

A car travels at speed v for 2 hours and at speed v 4+ 20 for 3 hours. If the
average speed for the trip is 58 mph, find v.

(Challenge) Three workers A, B, and C can do a job alone in 4, 6, and 12
hours. They work together for 1 hour. Then only A continues working. How
much longer does A need to finish the job?

7. Arithmetic and Geometric Sequences

e Arithmetic sequences with first term a; and common difference d:

n

a, =a; + (n—1)d, Sn:2

(2a1 + (n — 1)d).

e Geometric sequences with first term a; and ratio r:

Example 7.

Solution.

Problems

Problem 7.1.

Problem 7.2.

Problem 7.3.

Problem 7.4.

1 —pyn
an = a;r™ 7, Sn:w if r £ 1.
—r

Find the 15th term of the geometric sequence with a; = 3 and r = 2.

15 = 6L17“14 =3- 214.

In an arithmetic sequence, a5 = 22 and a5, = 50. Find a; and d.
A geometric sequence has a3 = 18 and ag = 144. Find a; and r.

Find the sum of the first 20 terms of the arithmetic sequence whose 7th term
is 17 and common difference 3.

(Challenge) A geometric sequence has a; = 1 and ratio r > 0. If a4 + a5 = 24,
find .



