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1 Introduction

Before we venture into random graph theory, we will review discrete prob-
ability. We will give you what we call the alphabet of discrete probability.
The first section will be a bunch of definitions and examples. These defi-
nitions and examples are fundamental, and we will provide motivations for
some of them. We then will introduce the first moment method to solve
combinatorics problems.

2 Preliminaries

Definition 1. A probability space (Ω,P) is a finite set Ω together with a
function P : Ω → [0,∞) such that∑

ω∈Ω

P(ω) = 1.

We call a subset A of Ω a random event, and we denote the probability of A
by

P(A) :=
∑
ω∈A

P(ω).

Definition 2. Recall that a simple, undirected graph (V,E) is a vertex set
V = {v1, . . . , vn} together with an edge set E, where E is a collection of
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unordered pairs of distinct vertices. We will refer to such simple, undirected
graphs simply as graphs.

Definition 3. The degree of a vertex v ∈ V of a graph is the number of
edges e that touch v (i.e., v ∈ e).

Exercise 1. On her way out of a Math Circle class, Alice told Bob, “Isn’t it
funny that there are 25 students in our class and each has exactly 5 friends
in the class?” Bob responded, “This is not possible.” How did he know?

[Hint: A friendship is an undirected edge.]

Exercise 2. Prove that in any graph with n ≥ 2 vertices, there are at least
two vertices with the same degree.

Exercise 3. Let |V | = n for a graph G = (V,E). What is the maximum
number of edges G may have?

The following example is an important example of a probability space in
random graph theory.

Example 1. Let Ω be the space of all simple, undirected graphs on a vertex
set V of size n. We define a probability function P on Ω by taking

P(G) = p|E(G)|(1− p)(
n
2)−|E(G)|

for a graph G ∈ Ω. This probability space (Ω,P) is denoted by G(n, p), and
it (or rather the experiment) is called the Erdős–Rényi Random Graph.

Intuitively, this probability space is the experiment of adding each edge
independently with probability p and leaving it out with probability 1− p.

Notice also that random events in this space include qualitative things
like {G : G is connected}.
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Exercise 4. Consider the space G(5, 1
2
). What is the probability that your

experiment outputs the ”pentagon” as your graph?
Prove that any other graph with 5 edges has the same probability of

occurring as the pentagon.

Definition 4. A random variable X on a probability space (Ω,P) is a func-
tion

X : Ω → R.

Examples of random variables on the space G(n, p) include |E(G)|, where
E(G) denotes the edge set of G, and #{triangles in G}. Both are functions
of G.

Definition 5. The expectation, or first moment, of a random variable X is
the weighted sum

E[X] :=
∑
ω∈Ω

P(ω)X(ω).

A third familiar name for the expectation E[X] is the mean.

Example 2. If A ⊆ Ω is a random event, then we define the random variable
1A, called the indicator function of A, to be the function that equals 1 on
ω ∈ A and 0 on ω ∈ Ac. Then we get

E[1A] =
∑
ω∈A

P(ω) · 1 = P(A).

Exercise 5. Let your experiment be the rolling of a six-sided die, and let X
be the number that shows up. Compute the expectation of

Y :=

{
X2, if X is even

3X, if X is odd
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The next two theorems provide motivation for introducing expectation.
The first theorem, called linearity of expectation, shows it is much easier
to handle expectations then it is to handle probabilities, for probabilities
do not share this linearity property. The second theorem, called Markov’s
Inequality, then shows we can often reduce problems about calculating (or
bounding) probabilities to problems about calculating (or bounding) expec-
tations. These two theorems inform the approach to random graph theory
called the first moment method : reduce problems about bounding proba-
bilities to easier problems about computing expectations (which are much
friendlier than probabilities).

Theorem (Linearity of Expectation). For any two random variables X,Y
on (Ω,P), we have

E[X + Y ] = E[X] + E[Y ]; E[cX] = cE[X]

where c is any real number.

Exercise 6. Prove linearity of expectation.

Theorem (Markov’s Inequality). If X is a non-negative random variable,
then for any a > 0 we have

P(X ≥ a) ≤ E[X]

a
.

In particular, we get
P(X ≥ 1) ≤ E[X].

Exercise 7. (a) Prove Markov’s Inequality.

(b) Suppose X ≥ 0 takes only integer values. Show that

P(X ̸= 0) ≤ E[X].

[This is an important observation!]
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(c) Use Markov’s Inequality to prove

P(X ≥ E[X]) > 0.

[This is also very important! This tells you that your random variable
X is large with positive probability.]

You clearly do not need Markov’s Inequality to prove part (c) of the last
exercise. However, the exercise demonstrates that Markov’s inequality is
stronger than the inequality in (c). This is a nice fact because combinatori-
alists sometimes refer to an application of the inequality in (c) as the “first
moment method”, but other times they refer to an application of Markov’s
inequality as the “first moment method”. Part (c) of the above exercise con-
nects the two meanings of the phrase. It tells us that the inequality in (c) is,
at least formally, a special case of Markov’s Inequality.

3 The First Moment Method

The first broad application of the first moment method is to prove existence
results for combinatorial objects. Part (c) of Exercise 7 is very useful in this
application. We begin with a basic exercise that proves an existence result
using the first moment method.

Definition 6. Let G = (V,E) be a graph. We say that a subset I of V is
independent if for any two vertices v1, v2 ∈ I there is no edge between v1 and
v2. Formally, this means that for any edge e we have e ⊈ I.

We denote the maximum size of an independent set in G by α(G).

Exercise 8. Let G = (V,E) be a graph such that |V | = n, and let d denote
the average degree of the vertices. We will prove:

α(G) ≥ n

d+ 1
.

(a) We define a uniform distribution on the set of permutations of V . We
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can think of such permutations π as random orderings of the vertices.
Define the set

I(π) := {v : v appears before all its neighbors in π}. [Why is this nice?]

Compute P(vi ∈ I(π)).

(b) Prove that E[|I(π)|] ≥
∑

1
deg(vi)+1

.

(c) Use the first moment method and either Jensen’s Inequality or AM≥HM
(HM: harmonic mean) to finish the proof.

Another broad application of the first moment method is to prove that
certain properties of graphs tend to zero probability or one probability in the
space G(n, p(n)) as n goes to infinity. One is tasked to find the best p, as
a function of n, such that this limiting behavior occurs. We start with an
easier example.

Definition 7. A triangle of a graph G is collection of three vertices v1, v2, v3
such that every edge eij = {vi, vj} with 1 ≤ i < j ≤ 3 is in G.

Exercise 9. We will prove that for p(n) << 1
n
we have

P(G is triangle-free)
n→∞−−−→ 1

where G belongs to G(n, p).

(a) Define a random variable on G(n, p) such that X = 0 on the “good” set
and X ≥ 1 on the “bad” set.

(b) Compute E[X] by decomposing X into a sum of indicator functions and
applying linearity of expectation.

(c) Apply Markov’s inequality to get P(X ≥ 1) ≤ O(n3p3).

(d) Use (c) to finish the proof.
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[You can use what is called the Second Moment Method to prove a con-
verse result for p >> 1

n
. We call 1

n
the threshold for the property that G has

a triangle.]

For the next few exercises, we will need to recall Ramsey numbers.

Definition 8. A clique in a graph G = (V,E) is a set of vertices C ⊆ V
such that (

C

2

)
⊆ E.

That is, every possible edge between vertices in C is included in the edge set
E.

We denote the maximum size of a clique in G by m(G).

Definition 9. The Ramsey number R(s, t) is the smallest integer n such
that every n-vertex graph contains a clique of size s or an independent set of
size t.

In other words, it is the smallest integer n such that for every graph G
on n vertices one has: α(G) ≥ s or m(G) ≥ t.

The Ramsey numbers are notoriously difficult to compute, even the most
coveted diagonal Ramsey numbers R(k, k). We know R(3, 3) = 6 and
R(4, 4) = 18, but R(5, 5) is unknown. However, Erdős proved in the 30’sand
40’s that asymptotic exponential bounds on the Ramsey numbers are possi-
ble. A major open problem in combinatorics is optimizing the base of the
exponent in the upper and lower bounds on R(k, k).

Exercise 10. Prove that R(k, k) ≤ 4k.

(a) We first prove the recursive bound R(s, t) ≤ R(s− 1, t) +R(s, t− 1).

(i) Let N = R(s−1, t)+R(s, t−1). If we can show an arbitrary graph
G = (V,E) on N vertices has an s-clique or a t-independent set,
we have shown the recursive bound.
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(ii) Take a vertex v and split V into N(v) ⊔N(v)c, where N(v) is the
set of neighbors of v (excluding v itself). The sets N(v) and N(v)c

induce subgraphs of G. We now break into two cases.

(iii) In the first case, suppose |N(v)| ≥ R(s− 1, t). What does this say
about the subgraph induced by N(v)? What does that then tell us
about the existence of an s-cliques or t-independent sets in G?

(iv) Suppose |N(v)| < R(s − 1, t). Then N(v)c ≥ R(s, t − 1). What
does this say about the subgraph induced by N(v)c?

(b) With this bound in hand, finish the proof by induction.

[Note: The base 4 in the bound was improved by Griffiths, Campos, and
Morris in 2023 to 3.993 (for sufficiently large k)].

Exercise 11. Prove that R(k, k) ≥ (k − 1)2.

Exercise 12. The following proof is due to Erdős. We will use the first
moment method to prove

R(k, k) ≥ k√
2e

(1 + o(1))
(√

2
)k

.

Historically, this was the first exponential asymptotic lower bound on the
Ramsey numbers.

(a) Notice that if in G(n, 1/2) we have

P
(
α(G) ≥ k or m(G) ≥ k

)
< 1

then R(k) > n.

(b) Compute E[X + Y ], where X counts the # of size k independent sets
and Y counts the number of size k cliques.
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(c) Bound E[X + Y ] from above by 1. At one point in the calculation, you
will need the logarithmic Stirling’s formula:

log(k!) = k log k − k +
1

2
log(2πk) + o(1).

We suggest taking logarithms at some point in this calculation (and then
exponentiating back after doing some manipulations).

Using a more refined probabilistic argument, one can improve the lower
bound to

R(k, k) ≥
√
2

e
(1 + o(1))

(√
2
)k

,

so you get an improvement by a factor of 2. This is still the best-known lower
bound on R(k). We will not prove this result, but we will improve our lower
bound to

R(k, k) ≥ 1

e
(1 + o(1))

(√
2
)k

Exercise 13. Prove that

R(k, k) ≥ 1

e
(1 + o(1))

(√
2
)k

1. Let X be your random variable counting the # of independent sets
and cliques of size k. Suppose we deleted one vertex from each such
clique and independent set in the graph G to get an induced graph
G′ = (V ′, E ′). What can you say about |V ′| in relation to V ?

2. Compute the expectation of X. Use this to lower bound |V ′| for at
least one such V ′.

3. Optimize the lower bound from part (b). Why is R(k) bigger than this
optimized lower bound?
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We now have

1

e
(1 + o(1))

(√
2
)k

≤ R(k, k) ≤ 4k.

We have mentioned that these lower and upper bounds have been improved
somewhat, but the bounds above are close to the best-known bounds. A
combinatorialist’s dream is to get some bound of the form:

cbk ≤ R(k, k) ≤ Cbk

for constants c, C > 0 and some base b > 0. Erdős conjectured that such a
base b exists and equals 2. This is really a random guess.

We now provide some definitions and a warm-up exercise so that after-
wards you may practice the first moment method on harder concepts.

Recall that (
V

r

)
:= {A ⊆ V : |A| = r}

Definition 10. A hypergraph H = (V,E) is a vertex set V together with an
edge set E which can be any subset of the power set P(V ). Furthermore, we
call H r-uniform if

E ⊆
(
V

r

)
.

That is, H is r-uniform if every edge of H is a set of r vertices.

Exercise 14. Let V be a set of n vertices, and let H be the complete 3-
uniform hypergraph on V . This means every size 3 subset of V is an edge.

How many edges does H have? What is the degree of a vertex in H?
What about the degree of a vertex in the complete k-uniform hypergraph on
V ?

Definition 11. We say a hypergraph H = (V,E) is 2-colorable if there exists
a mapping

α : V → {red, blue}
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Figure 1: A basic hypergraph

such that no edge e ∈ E is entirely red or entirely blue. (A graph is 2-
colorable if each red vertex connects solely to blue vertices and each blue
vertex connects solely to red vertices).

Exercise 15. Prove that a (non-hyper) graph G = (V,E) is 2-colorable if
and only if you can partition V into two sets V1 ⊔ V2 such that every edge
lies between V1 and V2.

Definition 12. We define for every r ∈ N+ a number χ(r) to be the minimum
number of edges in a non-2-colorable r-uniform hypergraph H.

Exercise 16. (a) Prove χ(1) = 1 and χ(2) = 3.

(b) Prove χ(3) ≥ 7.

[Hint: Assume the number of edges of H is ≤ 6. Now do an inductive
argument on some number pertaining to H, but you will need several
base cases before you induct.]

(c) Show that indeed χ(3) = 7.

(d) (Not an exercise.) The value χ(4) = 23 was computed in 2014 by Patric
R.J. Österg̊ard.
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Exercise 17. Fix r,N,m ∈ N+ with N > r. Let V be an n−element set
and pick

e1, . . . , em ∈
(
V

r

)
independently and uniformly at random. Consider the r-uniform hypergraph
H := (V, {e1, . . . , em}).

(a) Assuming N is even, show that

P(H is 2-colorable) ≤ 2N

(
1−

(N
2
r

)(
N
r

))m

[Hint: Show that the above probability is ≤ the expectation of a cer-
tain random variable using Markov’s Inequality (the proposition “H is
2-colorable” will correspond to the proposition “X ≥ 1” of your random
variable).]

(b) Assuming N > 10r, show there exists a constant c > 0 such that(N
2
r

)(
N
r

) ≤ 2−re−
cr2

N .

This is a tedious computation. You will need to recall the inequality

log(1− x) ≤ −x for x ≥ 0

at some point. Also, we suggest taking logarithms at some point in the
problem.

(c) By making a suitable choice of N = N(r), conclude that

χ(r) = O(r22r).

[Hint: One can show the existence of a non-2-colorable H by showing
P(H is 2-colorable) < 1. The first moment method can prove existence
results!]
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Definition 13. Let H = (V,E) be a hypergraph. We say that a subset I of
V is independent if no edge e lies in I. (Recalling that an edge e is just a
subset of V , we say e lies in I if e ⊆ I.)

Example 3. In the picture of a hypergraph above, notice that the set
{v1, v2, v5, v6, v7} is independent. Notice also that no independent set can
contain the vertex v4. [Why?]

Exercise 18. How can one frame the 2-colorability of a hypergraph H in
terms of independent sets?

Here is another existence result that the first moment method gives:

Exercise 19 (Warning: Challenging). LetH be a 3-uniform hypergraph on n
vertices and m edges. Let α(H) denote the maximum size of an independent
set in H. Show that if m ≥ n

3
, then

α(H) ≥ 2

3
√
3
· n

3
2

√
m
.

[See hints to this question at the end of the packet.]
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Hints to Final Exercise

Hint 1: If we delete vertices independently at random with probability 1−p,
the size of α(H) only shrinks.

.

.

.

.

.

.

.
Hint 2: This is an elaboration of Hint 1. Let H ′ denote the subgraph

of H induced by the process of deleting vertices from H at random with
probability 1 − p (or keeping vertices with probability p). Then we know
α(H) ≥ α(H ′).

.

.

.

.

.

.

.

.
Hint 3: Let X be the number of vertices in H ′ and let Y be the number

of edges in H ′. How can we relate X and Y to α(H)?
.
.
.
.
.
.
.
.
Hint 4: α(H ′) ≥ X − Y . [Why?]
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