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Problem 11 For each player, they should get maximin < minimax, and they should also get that
P1’s maximin is negative P2’s minimax, while P1’s minimax is negative P2’s maximin.

To prove that maximin < minimax for P1, let R be the set of rows (P1’s strategies) and C be
the set of columns (P2’s strategies). Let u(r,c) be P1’s utility function, giving P1’s score under
outcome (r,c). Then we want to show

max min u(r, ¢) < min maxu(r, ¢)
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This is a general fact about minima and maxima. It suffices to show that for every column cy,

i <
max min u(r,c) < max u(r, co)

This is true because for each r € R, min.cc u(r, ¢) < u(r, co).
P2’s utility function is —u in a zero-sum game. Thus we can define P2’s minimax and calculate:

min max —u(r, ¢) = min (— min u(r, c)) = — maxmin u(r, ¢)
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Using the fact that minima and maxima are switched by negation, we get P1’s maximin.
The proofs of the other facts are symmetric to these.

Problem 12 Keep using the nomenclature of the last solution.

Consider a particular outcome (rg,cp). P1 can get a better score by switching if and only if
u(ro, co) # max,eru(r,c), and P2 can get a better score by switching if and only if u(rg,co) #
mineec u(r, ¢). Thus u(rg,cp) is a Nash equilibrium if and only if u(rg,co) = max,ecgu(r,c0) =
mineec u(ro, ).

If (ro,co) is a Nash equilibrium, then

maximin < maxu(r,co) = u(rg, co) = minu(rg, c) < minimax,
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but maximin < minimax, so all must be equal. Thus P1 is getting their maximin, and P2 is getting
negative of that, which is also negative P1’s minimax, which is P2’s maximin.

If both players get their maximins on (rg, ¢g), then these maximins are negatives of each other,
so P1’s minimax and maximin are the same. Also, if P1 is actually playing a maximin strategy,
mineec u(rg,¢) = u(ro,co), and if P2 is playing theirs, then min,cp —u(r,co) = —u(rg,co), so
max,cr u(r, co) = u(ro, o), 80 (1o, o) is a Nash equilibrium.

Say that P1’s minimax and maximin are equal. Then there exists a ¢ such that max,.c g u(r, co)
is the maximin/minimax. Also, there exists a rg such that min.cc u(rg, ¢) is the maximin/minimax.
Then u(rg, cp) < max,er u(r, co) = min.cc u(re, c) < u(rg,cp), so all values are equal, and u(rg, co)
is the minimax/maximin value, and also a Nash equilibrium.



Problem 15 Assume this game has no dominating strategies:

Player 2
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Player 1 Ujla]|b
D|c|d

Figure 1: A General Zero-Sum Game

Let’s assume without loss of generality that a > b, because if a = b, then either L dominates
R or R dominates L (or they’re equal and dominate each other). Then as no strategy dominates
another, d > c.

Let P1 choose U with probability py and D with probability pp = 1 — py. Then P1’s expected
score if P2 chooses L is pya + ppc = ¢ + py(a — ¢), and P1’s expected score if P2 chooses R is
d+py(b—d). Set these equal, by finding py = #:;d. We need to show this is a valid probability,
that is, 0 < py < 1. Tt suffices to show that 0 <d—c<a—b—c+d = (a—b) + (d — ¢), which is
clear as d > c and a > b.

Thus if P1 plays this strategy, P1’s expected score does not depend on P2’s strategy, and as this
is a 2-player zero-sum game, P2’s expected score also doesn’t depend on their strategy, so they have
no incentive to change. By a symmetric argument, P2 also has a mixed strategy that equalizes all
of P1’s choices for P1, so if they both play these strategies, neither has incentive to change: a Nash
equilibrium.



