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1 What is a fractal?

Self-similarity. Let us first try to give an informal intuition behind this concept. We say
that a subset X of a plane (or of an n-dimensional space) is self-similar at a point x € X if,
after “zooming” the picture, you see that it looks exactly the same.
The easiest way to get a self-similar figure near a given point x is to take any figure
A C R? and consider
X = U?:Ofon(A)a

where f is a homothety with factor A < 1, centered at x. We used notation f°"(z) to denote
FOf(..(f(x))...)). Here are some examples:

.

Definition 1. The set X C R" is self-similar at a point x € X if there exists a sequence
e, — 07 and a sequence of homeomorphisms f,: By(g,) = By(en41) such that

fo(X N Bi(en)) = X N By(entr).

Recall that a homeomorphism is a continuous bijection whose inverse is also continuous.
Note that any affine transformation is a homeomorphism.

Being self-similar at one point is a bit boring, but what about being self-similar at every
point? Do you recall any important sets that by construction are self-similar at every point?

Definition 2. We say that X C R" is strictly self-similar if there exists a collection
of homeomorphisms {fs: s € S} indexed by a set S, such that

seS

Here, each f; is a homeomorphism of R™ onto its subset. One can also replace R™ with
an arbitrary ball. We will be particularly interested in similarity transformations, i.e.,
elements of the subgroup of the group of affine transformations of R™ generated by rigid
motions and homotheties.
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Problem 1. (a) Recall your favorite definition of the Cantor set C. Find two homeomor-
phisms 77 and T from [0, 1] to itself such that

Hint: dividing by 3 is crucial here.
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Solution:

(b) Koch Curve. Here are the first 5 stages of constructing the Koch curve KC, which is a
limit set of this procedure. Find affine transformations Ty, Ty, T3, Ty of [0, 1]? such that

KC = T, (KC) U To(KC) U T3(KC) U Ty(KC).

Solution:

(c) Sierpinski Triangle. Here are the first 5 stages of constructing the Sierpinski triangle
ST, which is a limit set of this procedure. Find affine transformations 77,75, T3 of
0,1]% such that

ST =Ti(ST)UTH(ST)UT(ST).

Solution:
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2 Quantitative aspects of fractal geometry.

Problem 2: Similarity dimension. (a) Consider an n-dimensional cube [0, 1]" and a
positive integer k € Z>o. Now scale this cube by a factor of % How many copies of

the small cubes do you need to cover the initial cube?

Solution:

Definition 3. For a strictly self-similar shape made of N copies of itself, each scaled
by a similarity transformation with scaling factor r, the similarity dimension is set

to be
g — log(V)

~ log(1/r)

(1)
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(b) Compute the similarity dimension of the Cantor set, the Koch curve, and the Sierpinski
triangle.

Solution:

(c) Compute the similarity dimension of the Sierpinski carpet and of the Menger sponge,
which are illustrated below.

Solution:
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(d) Evenif X =Ty(X)U---UT,(X) with all 7;’s being similarity transformations, they may
have different scaling factors. Try to generalize formula 1 = r% N from (a) to this setting,
and obtain Moran equation, used to compute similarity dimension in the case of varying
scaling factors.

Solution:

(e) Use the Moran equation to compute the scaling dimensions of the following fractals.

Solution:
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Problem 3: Box-counting dimension.. Notice that not all fractals are obtained via sim-
ilarity transformations. Hence, we want a more general definition of dimension.
Definition. We define the box-counting dimension of a figure X C R” to be the limit

_ . og(N(r))
dy(X) = lim Tog(1/r)

where N(r) is the minimum number of n-dimensional boxes with side length equal to r
needed to cover X.

(a) Check that dy(X) = ds(X) whenever the later is well-defined. Solution:

(b) Compute d, for the set of rational points Q on a segment [0, 1].

Solution:

(¢) Compute dp, for the set of points S = {5 | n € Zxo}.

Solution:
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(d) Put the Sierpinski gasket and a line segment side-by-side. Compute the box-counting
dimension of this shape, as shown in the figure below.

Solution:

(e) Find dy(Cy) of the Four-corner Cantor set C4 shown in the Figure below.

Solution:
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(f) In the Turtle module, write a recursive function fourcorner(n,a) that draws the Four-
Corner Cantor set of order n (i.e., after n iterations) and base length a.

Solution:

(g) Let G denote the Sierpinski gasket in the xy-plane, and let C' denote the Cantor set
on the z-axis. Find the similarity dimension of the product G x C.

Solution:

(h) Denote by C(r) the Cantor set such that C(r) = T7(C(r)) UTy(C(r)) with T being
scalings by 7 > 0. Find an expression, NOT a numerical value, of r for which G x C(r)
has dimension 2.

Solution:

(i) Assume d,(C(r) x C(r) x C(r)) = 1. Find 7.

Solution:
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3 The Mandelbrot set.

Problem 4: Some properties of the Mandelbrot. Consider a complex number ¢ € C
and a number 2y € C. In this problem, we are interested in the following iterative process

2
Znt1 = 2, T C.

Definition. We say that ¢ € C does not belong to the Mandelbrot set 9 if for the
above mentioned iterative process with zq = 0 it holds that lim,, . |2,| = oc.
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(a) Show that ¢ ¢ 9 if for some n it holds that ||z,|| > 2. In particular, the Mandelbrot
set is contained within the radius 2 disk centered at 0.

Solution:

(b) Show that each point on the segment [—2, 1] belongs to 9.

Solution:

c¢) Show that any real point z > 1 does not belong to 9. Hint: look at difference zy 1 — 2.
4

Solution:

(d) Consider the function f.(z) = z? 4 ¢. Find fixed points of f..

Solution:
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(e) Find the locus of points ¢ € C such that ||f/(z.)|| < 1, where z, is a fixed point of f..
Plot the boundary of this curve, you should see a cardioid.

Solution:

(f) It is natural to guess that the whole cardioid belongs to 2t, and f™(0) converges to
the unique attracting fixed point z, of f.. This is indeed the case, but it requires some
knowledge of complex analysis.

Sketch of proof goes as follows: take connected component U C C of points z such
that lim, . f"(2) = 2« (by Banach fized point theorem a small neighborhood of z,
is contained in U). Notice that f.(U) C U. If 0 ¢ U, then this is an invertible
holomorphic map, since z = 0 is the only critical point of f.. Using Schwarz lemma,
one may conclude that in this case f/(z,) = 1, obtaining a contradiction.
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Problem 5: Let’s draw the Mandelbrot. Here, we focus on automating the process of
plotting the Mandelbrot Set.

Libraries

Before we get started, we need to import some libraries.

import numpy as np
import matplotlib.pyplot as plt

If you don’t have numpy and matplotlib installed, you can install them using pip in your
terminal.

Mandelbrot escape function

The famous Mandelbrot graph is really just a complicated colored graph. The color is
dependent on how rapidly a given point z will escape the disk ||z|| < 2. Your goal right now
is to implement the following function (Python is preferable because we provide a helper
class):

1. Takes in a complex number ¢ and an integer max;., as parameters (if you are not
doing this with the helper class, take in two floats for the real and imaginary parts of
z and an integer maz;e, )

2. In your function, you will perform the operation z — 224-c up to maw;., times, starting
with z = 0. If you are doing this with the helper class, you can just use 22 = 2z * z;
however, if you are not doing this with the helper class, you will need to implement
complex multiplication on your own.

3. Return the number of iterations it took for z to escape the disk ||z|| > 2, or return
max;e, if z never escapes the disk.

Making the Mandelbrot Set

With your new helper function, make a 2d array (what numpy is for) of complex numbers
and figure out how long it takes for each element to escape the disk.
Hint: def mandelbrot_set(xmin, xmax, ymin, ymax, width, height, max_iter):

Graphing the Set
You can use matplotlib to plot the set.

# You can use this code to plot your set, the main goal was to generate the set itself
def plot_mandelbrot(mset):
plt.imshow(mset["set"], cmap="hot", extent=[mset["xmin"], mset["xmax"],

mset ["ymin"], mset["ymax"]])
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plt.show()

mset = {
"xmin": -2, "xmax": 2,
"ymin": -2, "ymax": 2,

"width": 1000, "height": 1000,
"max_iter": 100, "set": None

}

mset["set"]= mandelbrot_set(mset["xmin"], mset["xmax"], mset["ymin"],

mset ["ymax"], mset["width"], mset["height"], mset["max_iter"])

plot_mandelbrot (mset)

Some Extra Thoughts

1. See what happens when you change the max number of iterations, like setting it to 3
(as seen in the main worksheet) instead of 100, or changing the resolution of the graph

by changing the length and width of the 2d array generated.

2. Can you write a program to zoom in on part of the barrier of the generated graph?
Can you find portions that are self-similar? Tip: try zooming in near points My, = —2
and My o = 1, which are some of the self-similar points of 9. More generally, there
are many Misiurewicz points on the boundary of M, which are self-similar.
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Below are illustrations of “zooming in” near Misiurewicz points M;; = —2 and

My, = —0.101096 . .. +40.956287 . ...

Figure 1: Mandelbrot set zoomed near z = —2

Figure 2: Mandelbrot set zoomed near z = My,



