Inequalities with Integers

The classic inequality tricks can change when we're dealing with integers. In the problems
below, try to exploit factorizations, divisibility, and the fact that some expressions grow much

quicker than others (e.g. 2" compared to n?).

For a real number z, define its floor |x| to be the largest integer < x, and its ceiling [z] to be

the smallest integer > z. For example, | -0.42] = —1 and [—0.42] = 0.

Problem 1.
(a) Show that for all non-negative integers n:

2" > 1+n.

(b) Show that for all non-negative integers n:
-1

(c) Show that for any positive integer k, there exists some value n > 2 such that 2" > n*.

Problem 2. Find all positive integers n such that

n?+1|n3+2n+1.

Problem 3. Find all integers n satisfying

n® —17n + 26 > 0.

Problem 4. Find all pairs of positive integers (m,n) satisfying the inequality

mn + 3m — 17n < 55.

Problem 5.

(a) Let z > 0 be a positive real number. Suppose that for all positive integers n, one has n | |nz|.

Show that z is an integer.
(b) Let z,y > 0 be positive real numbers. Suppose that for all positive integers n, one has
n | [nz][ny].

Show that at least one of x and y is an integer. Hint: Look at primes.



Problem 6. Find all positive integers n such that

nl+1](n+1)! (n+1).

Problem 7. Find all positive integers a, b such that

a’? + b = Tab.

Problem 8. Let a,b be positive integers such that
37— 29| 3 —2b
Show that a | b.

Problem 9. Let n be a positive integer.

(a) Show that for n > 3, one has

Hint: Try a telescoping product.

(b) Show that
Yn> "/n+1 forn>3.

(c) Let a,b> 3 be positive integers. When is a® < b*?

Problem 10. For a positive integer k, let

o(k)=>d

d|k
be the sum of its (positive integer) divisors; for example,
0(12) =14+2+3+4+6+12 =28,

Show that
c(1)+0(2) +---+0o(n) <n’

Problem *11. Find all pairs of natural numbers (a, b) such that 7% — 3% divides a* + b?.

Problem *12. Let 7(n) denote the number of positive divisors of the positive integer n. Prove
that there exist infinitely many positive integers a such that the equation 7(an) = n does not have
a positive integer solution n.

Problem *13. Find the least positive integer n for which there exists a set {s1,s2,...,s,} con-
sisting of n distinct positive integers such that
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