ORMC AMC 11/2 255 WEEK 6: REVIEW

We begin with a condensed version of the formulas that we have covered over the last 4 weeks - any of these
could appear on the AMC.

WEEK 2 — GEOMETRY: IMPORTANT FORMULA REVIEW

Conventions. In AABC: |BC| = a, |CA| =b, |AB| = ¢; area [ABC]; circumradius R; inradius r For a
circle with center O, “arc XY is the minor arc of chord XY

Formula 1. (Special Right Triangles) 45-45-90: 1:1:+/2, 30-60-90: 1:+/3: 2. Often appears when the
specific angles present in a triangle. Can also be used by dropping an altitude in a non-right angle
BC AC [ABC]

AB
F la 2. (Similari AA/SA If NABC ~ ADEF then — = — = —
ormula 2. (Similarity (AA/SAS/SSS)) C then PE - EF — DF and (DEF]

Often seen in parallel lines (i.e. trapezoids), especially a line inside a triangle that is parallel to a side. Also
can occur when given proportional lengths.

= k2

Formula 3. (Area Formulas)
[ABC] = LabsinC = V(s —a)(s —b)(s —c)

Relevant when given two sides + angle, or all 3 sides.

Formula 4. (Law of Cosines)

a? =b%+ ¢® — 2bccos A
Used when two sides and the included angle are known, or if all three sides are known but the angle is
missing.

Formula 5. (Stewart’s Theorem) Given any triangle AABC with sides of length a, b, ¢ and opposite vertices
A, B, C, respectively, then if cevian AD is drawn so that BD = m, DC = n and AD = d, we have that
b m+c?*n = amn+d?a. (This is also often written man+ dad = bmb+ cnc, a phrase which invites mnemonic
memorization, i.e. ”A man and his dad put a bomb in the sink.”) That is Stewart’s Theorem.

Formula 6. (Inscribed vs. Central Angles) An inscribed angle has its vertex on the circle; a central angle
has its vertex at the center.

Z(inscribed) = %)/(}\/, Z(central) = Xy
Used when arcs and angles relate, common in circles, cyclic quadrilateral problems or even angle chasing for

triangles with incenter or circumcenters.

Formula 7. (Power of a Point) This is about a single point P connected to the same circle by chords,
secants, or tangents. Interior: PA-PD = PB - PC; External: PA-PD = PC - PB; Tangent—Secant:
PT? = PC - PB Used when a point connects to a circle with two lines and a segment length must be solved
multiplicatively.
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Formula 8. (Cyclic Quadrilateral Angle Sum) This refers to a quadrilateral whose four vertices lie on one
circle.

LA+ ZC =180° (in cyclic ABCD)

Useful for angle chasing.

Formula 9. (Ptolemy’s Theorem) This applies only when A, B, C, D are concyclic in that cyclic order.
|AC|-|BD| = |AB|-|CD|+ |BC|-|AD|

Often seen in cyclic quadrilaterals or simply intersection chords in a circle.

Formula 10. (Angle Bisector Theorem) This applies when a cevian from a vertex bisects that vertex angle
inside a triangle.

BD AB

DC  AC
Used when a cevian bisects an angle and produces a side split proportional to adjacent sides.

WEEK 3 — ALGEBRA: IMPORTANT FORMULA REVIEW

Conventions. Let f(x) be a real polynomial unless stated. Roots of f are denoted ry,rs,... (with multi-
plicity). For quadratics az? + bx + ¢ = 0 we use the discriminant A = b?> — 4ac. “Sequences” are ordered
lists; “series” are ordered sums.

Formula 11. (Quadratic Formula) For axz? + bz + ¢ = 0 with a # 0,

—b+vb? — dac
r=—"
2a
Used when exact roots are needed or irrational. Slower, but always works and is exact.

Formula 12. (Discriminant and Real Roots for General Polynomials) For a polynomial

P(z) =ana™ + An_12" V4 +arz + ag,

the discriminant A(P) is defined in terms of its roots r1,7r2,...,7r, by
APy =a? ] (ri—rp)*
1<i<j<n
Then:

A(P) =0 <= P(x) has a repeated root,

and if all coefficients a; are real:
A(P) >0 = either all roots are real, or all nonreal roots occur in conjugate pairs with even multiplicity,
A(P) <0 = there are complex (nonreal) roots not all occurring in conjugate pairs.

Formula 13. (Vieta’s Formulas — Quadratic) If 21, x5 are roots of az? + bz + ¢ = 0,

c
T1+x2=——, T1T2 = —
a a

Very important for setting up root relationships quickly or skipping having to solve them directly.
Formula 14. (Remainder / Factor Theorem) For any polynomial f(x) and real a,
f(x) = (z—a)Qx) + f(a),

where Q(z) is the quotient obtained when dividing f(z) by (x — a). Used to test whether = — a is a factor
(f(a) =0) and to evaluate large polynomials efficiently in some cases.

Formula 15. (Rational Root Theorem) If P in lowest terms is a rational root of anx™ +---+ag, then p | ag

and q | a,. Used to search systematically for rational (often integer) immediately. Helpful for guess-and-check
to quickly solve a problem, or to eliminate possible solutions if given choices.
2



Formula 16. (Sum/Difference of Powers: n = 2,3)
a?—b*=(a—b)(a+tb), a®—b*=(a—b)a®+ab+1?), a®+b®=(a+0b)(a®—ab+b?)

Used to factor differences of square and cubes in many cases. But also can be used to factor equations that
include (a® — ab + b?) or (a® + ab + b?).

Formula 17. (Binomial Theorem) For integer n > 0,

(a+b)" = kzn::o (Z)a”_kbk

Used to expand powers and extract coefficients.

Formula 18. (Finite Geometric Series) For r # 1,

atar+ar? - far"t = %
Used to sum repeated multiplication.
Formula 19. (Infinite Geometric Series) If |r| < 1,
atar+ar’+--- = a4
1—r

Common for infinite geometric sums.

Formula 20. (Telescoping via Partial Fractions) Typical identity:
1 1 1

nin+1) n n+l
Used to simplify or reduce fractions in specific cases.

WEEK 4 — NUMBER THEORY: IMPORTANT FORMULA REVIEW

Conventions. Work in Z unless noted. Congruences are taken modulo a positive integer p. When writing
“(mod p)” we are working in the set of remainders {0,1,...,p — 1}.

Formula 21. (Congruence) For integers z,y and p > 0,
r=y (modp) < pl|(xz—y)
Used to replace equality statements with remainder-based equivalences.
Formula 22. (Invertibility Mod p) If ged(a, p) = 1 then there exists a~! with
aac”' =1 (mod p)
Used to divide in modular equations and isolate variables.
Formula 23. (Fundamental Theorem of Arithmetic) Every n > 2 factors uniquely as
n=prey -y
Used to reduce questions about integers to prime powers.
Formula 24. (Number of Divisors) If n = p{* - -- p;* then
d(n) = (ex+1)---(ex +1)

Used when counting factors.
Formula 25. (Sum of Divisors) If n = pi* - -- p;* then

on)=0+p1+-+pi")-(L+pe+-+1")

Used when asked for divisor-sum conditions.



Formula 26. (Fermat’s Little Theorem) If p is prime and ged(a,p) = 1 then
a?"'=1 (mod p)
Used to reduce large exponents mod p.
Formula 27. (Wilson’s Theorem) For prime p,
(p—1!'=-1 (mod p)
Used to detect primality or reduce factorials mod p.
Formula 28. (Linear Diophantine Solvability)
The equation ax + by = c¢ has integer solutions <= gcd(a,bd) | ¢

Used to decide existence and parametrize all integer solutions when it exists.

WEEK 5 — COUNTING/PROBABLITY: IMPORTANT FORMULA REVIEW

Conventions. S denotes a finite sample space. A, B denote events. A¢ denotes the complement of A. All
probabilities are assumed to be defined and between 0 and 1.
Formula 29. (Geometric Probability)

measure of favorable region
P(event) = v &

measure of total region

Basic definition of probablity, but can also be used in terms of area (i.e. dartboard randomness).

Formula 30. (Bayes’ Theorem)

P(B| A;) P(A;
Ej:lP(B| j)P( j)
Used when the given information is of the form P(B | A;) (effect given cause) but the problem asks for

P(A; | B) (cause given effect)

Formula 31. (Markov Chains) Used when a process evolves in steps and the next state depends only on
the current state (memoryless transitions). A typical setup uses state equations like

Pa=1LPp+L1Po+ ..

where each term is “(transition probability) x (probability of being in that state before)”, often solved with
a system of linear equations and a normalization condition.
Formula 32. (Complement Rule)

P(A°)=1-P(4)
Basic idea of complementary counting: when it is easier to count not-A than to count A directly.
Formula 33. (Inclusion-Exclusion for Two Events)

P(AUB)=P(A)+ P(B)— P(ANB)

Used for the probablity of when either of the two events occur.

Formula 34. (Conditional Probability)
P(ANB)
P(A|B)= ——-—
(418) = “55
Helpful when asked for the probability of A given B.

Formula 35. (Law of Total Probability)
P(B)=Y P(B|A;)P(A)
i=1
Used when Aq,..., A, partition the space and we want to build P(B) from cases.
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Formula 36. (Binomial Distribution)

P(k successes) = <Z)pk(1 —p)nk
Used when n identical independent trials each have success probability p.
Formula 37. (Hypergeometric Probability)
L ((]JVZ)—?)
Used for sampling without replacement (e.g. cards, marToles, panels).

These topics include all of the formulas that we have covered in the last few weeks - instead of just knowing
all of them, implementation of each is important in doing well on the AMC, especially given the dearth of
time.



STRATEGY

The estimated score for AIME qualification this year should be around 100 - we will aim for 105 in order
to guarantee qualification. To achieve a score of 105, you need to get 16 questions right and leave 6 blank,
17 correct and leave 2 blank, or 18 correct for a score of 108.

The best strategy for doing well on the AMC, believe it or not, is solving the problems you know
how to solve. Shocking, isn’t it? One of the most made mistakes on the AMC is spending a significant
amount of time on a solution that you are not even completely sure of - sometimes, you end up with an
answer that isn’t even an option choice and run yourself in circles. That being said, here are some more
general tips:

(1) Aim to solve the first 10 problems within 20 minutes. Most of these problems are either
simple algebra, geometry, or combinatorics that maybe require the use of a single formula and no
further algebra - solve these problems quickly so you can maximize your time on the middle 10,
which are the most important for your qualification.

(2) Read each problem twice One of the most common mistakes made on any math competition is
solving for a different value than the problem is asking - read each problem twice, first time just to
get the feel of the problem, then dive in and begin solving it.

(3) Necessary Skipping If you do not know how to approach a problem within 30 seconds of reading
it, it is often better to skip it instead of wasting time trying to figure it out - many times one problem
can become a timesink that can hinder your ability to solve other problems you know how to do.

(4) Read all of the problems I need not stress this, especially with the way the problems were shuffled
on the previous 2024 AMC 10B - problems 21 through 25 were significantly easier than 16 to 20, and
many people missed out on them simply because they did not read them. While I doubt it will be
the same again this year, there is no harm in reading the last few problems to see if you have seen
anything similar before, because it could allow you to potentially solve an extra problem relatively
quickly.

(5) Cheese/Guessing In general, there are many gimmicks on the AMC that allow you to determine
the answer without solving the whole problem. Such solutions are risky, but often have great reward
if you find yourself just short of qualification. Take the following example as proof:

Problem 1 (2024 AMC 10A). The figure below shows a dotted grid 8 cells wide and 3 cells tall
consisting of 1”7 x 1” squares. Carl places 1-inch toothpicks along some of the sides of the squares to
create a closed loop that does not intersect itself. The numbers in the cells indicate the number of
sides of that square that are to be covered by toothpicks, and any number of toothpicks are allowed
if no number is written. In how many ways can Carl place the toothpicks?

.........................................................................................
.........................................................................................

(A) 130 (B) 144 (C) 146 (D) 162 (E) 196

This is a very difficult problem to solve in test due to time constraints, but perhaps a full solution
is not necessary... we will discuss a quick ”solution” in-class.
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PROBLEMS

I have attached below a mock AMC - employ the strategies and formulas above and attempt to get
through as many problems as possible, knowing where to skip and where to bash.

Problem 2 (2020 AMC 10A #9). A single bench section at a school event can hold either 7 adults or 11
children. When NV bench sections are connected end to end, an equal number of adults and children seated
together will occupy all the bench space. What is the least possible positive integer value of N?

(A)9 (B)18 (C)27 (D)36 (E) 77

Problem 3. 2024 AMC 10A #7 The product of three integers is 60. What is the least possible positive
sum of the three integers?

(A)2 (B)3 (C)5 (D)6 (E)13

Problem 4 (2022 AMC 10B #7). For how many values of the constant k will the polynomial 22 + kz + 36
have two distinct integer roots?

(A6 (B)S (C)9 (D)4 (E)16

Problem 5 (2020 AMC 12A #10). There is a unique positive integer n such that

log, (logygn) = log, (log, n).
What is the sum of the digits of n?
(A) 4 B) 7 (C) 8 (D) 11 (E) 13

Problem 6 (2011 AMC 10B #12). Keiko walks once around a track at exactly the same constant speed
every day. The sides of the track are straight, and the ends are semicircles. The track has a width of 6
meters, and it takes her 36 seconds longer to walk around the outside edge of the track than around the
inside edge. What is Keiko’s speed in meters per second?

@I ®T o T ®F

Problem 7 (2011 AMC 12A #10). A pair of standard 6-sided dice is rolled once. The sum of the numbers
rolled determines the diameter of a circle. What is the probability that the numerical value of the area of
the circle is less than the numerical value of the circle’s circumference?

5

A B ©F O (®

Problem 8 (2018 AMC 10B #13). How many of the first 2018 numbers in the sequence 101, 1001, 10001, 100001, . . .

are divisible by 1017
(A) 253 (B) 504 (C) 505 (D) 506 (E) 1009

Problem 9 (2012 AMC 12B #11). In the equation below, A and B are consecutive positive integers, and
A, B, and A + B represent number bases:
1324 + 435 = 6944 5.
What is A + B?
(A)9 (B) 11 (C) 13 (D) 15 (E) 17
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Problem 10 (2011 AMC 12B #12). A dart board is a regular octagon divided into regions as shown below.
Suppose that a dart thrown at the board is equally likely to land anywhere on the board. What is the
probability that the dart lands within the center square?

2-12 V2

(A) ®; ©F oF ®2

V2-1
2

Problem 11 (2014 AMC 10A #17). Three fair six-sided dice are rolled. What is the probability that the
values shown on two of the dice sum to the value shown on the remaining die?

W ®n ©L O ®;

Problem 12 (2024 AMC 10A #18). There are exactly K positive integers b with 5 < b < 2024 such that
the base-b integer 2024 is divisible by 16 (where 16 is in base ten). What is the sum of the digits of K?

(A)16 (B)17 (C)18 (D)20 (E) 21

Problem 13 (2024 AMC 10B #18). How many different remainders can result when the 100th power of
an integer is divided by 1257

(A)1 (B)2 (C)5 (D)2 (E)12

Problem 14 (2021 AMC 10A #20). In how many ways can the sequence 1,2, 3,4,5 be rearranged so that
no three consecutive terms are increasing and no three consecutive terms are decreasing?

(A)10 (B)18 (C)24 (D)32 (E)44

Problem 15 (2012 AMC 12A #16). Circle C; has its center O lying on circle Cy. The two circles meet at
X and Y. Point Z in the exterior of C lies on circle Cy and XZ =13, OZ =11, and YZ = 7. What is the
radius of circle C1?

(A)5 (B)V26 (C)3v3 (D)2v7 (E) V30

Problem 16 (Q(E AMC 12B #14). A segment through the focus F of a parabola with vertex V is
perpendicular to F'V and intersects the parabola in points A and B. What is cos (LAV B)?

@ - m - -t o @]



Problem 17 (2017 AMC 12A #15). Let f(x) = sinz + 2cosz + 3tanz, using radian measure for the
variable z. In what interval does the smallest positive value of x for which f(z) = 0 lie?

A) 0,1 B (L2  (C)(23) (D)B4) (E)45)

Problem 18 (2010 AMC 12A #14). Nondegenerate AABC has integer side lengths, BD is an angle
bisector, AD = 3, and DC = 8. What is the smallest possible value of the perimeter?

(A)30 (B)33 (C)35 (D)36 (E)37

Problem 19 (2013 AMC 12B #14). Two non-decreasing sequences of nonnegative integers have different
first terms. Each sequence has the property that each term beginning with the third is the sum of the
previous two terms, and the seventh term of each sequence is N. What is the smallest possible value of N7

(A)55 (B)89 (C)104 (D) 144 (E) 273

Problem 20 (2011 AMC 10B #20). Rhombus ABCD has side length 2 and /B = 120°. Region R consists
of all points inside the rhombus that are closer to vertex B than any of the other three vertices. What is

the area of R?
W2 ®mL 0 o+ @

Problem 21 (2015 AMC 10A #21). Tetrahedron ABCD has AB =5, AC =3, BC =4, BD =4, AD =3,
and CD = 15—2\@ What is the volume of the tetrahedron?

(A)3v2  B)2v5 (C) % (D) 3v3  (E) %\@

Problem 22 (2013 AMC 12A #21). Consider A = log(2013 + log(2012 + log(2011 + log(- - - + log(3 +
log2)---)))). Which of the following intervals contains A?

(A)(log 2016,10g2017) (B) (log2017,l0g2018) (C) (log2018,log2019)
(D) (log2019,l0og2020) (E) (log2020,log2021)

Problem 23 (2020 AMC 10A #23). Let T be the triangle in the coordinate plane with vertices (0, 0), (4,0),
and (0,3). Consider the following five isometries (rigid transformations) of the plane: rotations of 90°,180°,
and 270° counterclockwise around the origin, reflection across the z-axis, and reflection across the y-axis.
How many of the 125 sequences of three of these transformations (not necessarily distinct) will return 7' to
its original position? (For example, a 180° rotation, followed by a reflection across the z-axis, followed by a
reflection across the y-axis will return T to its original position, but a 90° rotation, followed by a reflection
across the z-axis, followed by another reflection across the z-axis will not return T to its original position.)

(A)12  (B)15 (C)17 (D)20 (E)25

Problem 24 (2017 AMC 10B #23). Let N = 123456789101112...4344 be the 79-digit number that is
formed by writing the integers from 1 to 44 in order, one after the other. What is the remainder when N is
divided by 457

(A)1 (B) 4 (C)9 (D) 18 (E) 44



Problem 25 (2024 AMC 12B #23). A right pyramid has regular octagon ABCDEFGH with side length
1 as its base and apex V. Segments AV and DV are perpendicular. What is the square of the height of the

pyramid?
14+v2 242
2 3

A1 ®) ©vi D (®

Problem 26 (2022 AMC 10B #25). Let xg,x1,x2,... be a sequence of numbers, where each zy, is either 0
or 1. For each positive integer n, define
n—1
Sn = Z .Z'ka
k=0

Suppose 7S5, =1 (mod 2") for all n > 1. What is the value of the sum

%2019 + 222020 + 42021 + 820227
(A6 (B)7 (C)12 (D)14 (E)15
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