Romanian Competition Problems
Week 5

Problem 1. The points M, N, and P are chosen on the sides BC, CA,
and AB of the triangle ABC such that BM = BP and CM = CN. The
perpendicular dropped from B onto M P and the perpendicular dropped from C'
onto M N intersect at . Prove that the angles ZIPA and ZINC are congruent.

Problem 2.
1. Prove that for any real numbers a and b the following inequality holds:

(a® 4+ 1) (b* +1) +50 > 2(2a + 1)(3b + 1).

2. Find all positive integers n and p such that:

(n®+1) (p* +1)+45=2(2n+1)(3p + 1).

Problem 3. Let a, b, ¢ be real numbers such that:
la—b[ = |c|, [b—c|=]lal, [c—al=][b].

Prove that one of the numbers a, b, ¢ equals the sum of the other two.

Problem 4. Let ABC be a triangle in which m(£A) = 135°. The perpen-
dicular to the line AB at A intersects the side BC at D, and the angle bisector
of B intersects the side AC at E. Find the measure of ZBED.

Problem 5. Let ABCD be a square and consider the points K € (AB),
L € (BC), and M € (CD) such that K LM is a right isosceles triangle, with the
right angle at L. Prove that the lines AL and DK are perpendicular to each
other.

Problem 6. For each positive integer n we denote by p(n) the greatest
square less than or equal to n.
a) Find all pairs of positive integers (m,n), with m < n, for which

p(2m + 1) - p(2n + 1) = 400.
b) Determine all numbers n € N*, n < 100, such that

p(n+1)
p(n)

¢ N.



Problem 7. Let n > 2 be a positive integer. Determine all possible values
of the sum
S = I_l‘g —Jflj + LJT3 _$2J + -+ an _xn—ljv

ifx1, 9, ...,x, are real numbers whose integer parts are 1,2, ..., n, respectively.

Problem 8. Find the irrational numbers z with the property that z? + x
and 23 + 222 are integers.

Problem 9. Find all functions f : N* — N* with the properties:
a) f(m—+n)— 1 divides f(m)+ f(n), for all m,n € N*;
b) n? — f(n) is a square, for all n € N*.

Problem 10. In triangle ABC, points M, N € (AB), P,Q € (BC), and
S, R € (AC) are taken such that AM = CR, AN = CS, ZMQ@B = ZRQC,
and /ZNPB = /SPC. Show that if MQ+ QR = NP+ PS, then triangle ABC

is isosceles.

Problem 11. Find all primes p and ¢, with p < ¢, such that

p(2q+1) +q(2p +1) = 2p* + ¢*.

Problem 12%*. Given an integer n > 2, show that there exist n+ 1 pairwise
distinct numbers z1, xa, ..., Ty, Tpy1 in Q\ Z such that

{23} +{a3} + - +{ad} ={=} 1},

where {x} denotes the fractional part of the real number z.

Problem 13*. Given a triangle Ay A Ao, determine the locus of the centers
of the equilateral triangles X X7 X5 satisfying the condition that each of the lines
X Xkt1 passes through A (all indices are reduced modulo 3).

Problem 14*. Let k be a positive integer and let m be a positive odd
integer. Show that there exists a positive integer n such that mn 4+ nm has at
least k distinct prime factors.



