AMC 8 Training: More Combinatorics Techniques

Connor Zhao

1 Principle of Inclusion and Exclusion (PIE)

Definition. When sets overlap, counting each set separately causes overcounting. The
Principle of Inclusion and Exclusion (PIE) fixes this by adding the single sets, subtracting
the pairwise overlaps, and adding back the triple overlap. (can be generalized to more sets)

Symbols:
Symbol Meaning Example
A a set A = {students who play basketball }
| 4| number of elements in A | A| = 20 means 20 students play basketball
ANB  “Aand B” students who play both basketball and soccer
AUB “AorB” students who play basketball or soccer

Two sets:

|JAUB| = |A|+ |B| - |AN B].
Three sets:

|JAUBUC| =A|+|B|+|C|—(JANB|+|BNC|+|CNA|)+|AnBNC|.

/2)
ava

|A| + |B| + |C]| |A]+B| +|C]| |A| + |B| +|C|
~|ANB|-|ANC| - |BNC]| ~|ANB|-|ANC| - |BNC
F|ANBNC

Step 1: add singles. Step 2: subtract pair overlaps. Step 3: add back the triple overlap.

Example 1. At a school, 20 students play basketball and 15 play soccer. Eight students
play both sports. How many students play basketball or soccer (at least one of the two)?

Solution: Since |[BU S| = |B|+ |S| —|BNS| =20+ 15— 8 = 27, a total of 27 students
play at least one of the two sports.



Problems
Problem 1.1. How many numbers from 1 to 100 are divisible by 2 or 77
Problem 1.2. How many numbers from 1 to 200 are divisible by 2, 3, or 57

Problem 1.3. Among 100 students, 60 study French, 75 Spanish, and 50 both. How many
study neither language?

Problem 1.4. Of 1000 students: 720 take English, 700 Math, 680 History; 500 both English
and Math, 400 both Math and History, and 350 both English and History. All
take at least one subject. How many take all three?

Problem 1.5. In a grade of 300 students, 180 take Band (B), 120 take Choir (C). If 70 take
both Band and Choir, how many take exactly one of the two?

Problem 1.6. How many 7-digit numbers (no leading zero) can be formed from digits {0, 1, 2, 3}
if each of 1, 2, and 3 appears at least once? Hint: count by PIE over the digits
that are missing.

2 Pigeonhole Principle

Definition. If n objects are placed into k boxes and n > m k, then at least one box contains
m + 1 or more objects.

Example 2. You have socks of four colors: red, blue, green, and black. How many socks
must you pull out in the dark to guarantee a matching pair?

Solution: After taking one of each color (4 socks), the next sock must match one of them.
Therefore, you must pull 5 socks.

Problems

Problem 2.1. What is the smallest number of people that guarantees two of them have
birthdays within 29 days?

Problem 2.2. What is the least number of candies you must take from a bowl with 4 types
to guarantee three candies of the same type?

Problem 2.3. What is the smallest n so that any choice of n distinct numbers from {1,2,...,100}
guarantees one chosen number divides another?



Problem 2.4. You choose integers and record their remainders mod 7. What is the smallest
n so that among any n integers, two have the same remainder mod 7 and
hence differ by a multiple of 77

Problem 2.5. (Challenge) You place points in a unit square. What is the smallest number
of points that guarantees two are within distance < % of each other? (Hint:
partition the square.)

3 Probability Review

Definition. For an experiment with equally likely outcomes, the probability of an event is

number of desired outcomes
Pr(event) =

number of possible outcomes

Probabilities lie between 0 and 1. For independent events, probabilities multiply; comple-
ments satisfy Pr(not £) =1 — Pr(E).

Example 3. A fair die is rolled once. What is the probability the result is even?
Solution: Desired outcomes = {2,4,6} (3 of 6), so Pr =3/6 = 1/2.

Problems

Problem 3.1. Two standard dice are rolled. What is the probability that the product is a
multiple of 57

Problem 3.2. A fair 6-sided die is rolled four times. What is the probability that at least
one roll shows a 67

Problem 3.3. A bag contains 5 red, 4 green, and 3 blue marbles. Two marbles are drawn at
random without replacement. What is the probability that both are the same
color?

4 Expected Number of Trials to First Success

Background. Suppose each trial succeeds with probability p, independently. Let N be the
number of trials until the first success (values 1,2,3,...). Then
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Simple Reasoning: Each trial yields p successes on average. Think in reverse: if the rate is
p successes / trial, then the average trials per success is 1/p.
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Example 4. What is the expected number of rolls needed to get a 6 on a fair die?

Solution: Here p =1/6, so E[N] = 1/p = 6 rolls on average.

Problems

Problem 4.1. A basketball player makes each free throw independently with probability p =
0.3. What is the expected number of shots until the first make?

Problem 4.2. A fair die is rolled until a multiple of 3 appears. What is the expected number
of rolls?

Problem 4.3. (Challenge) A coin is flipped until two consecutive heads occur. Explain why
this is not a constant-p “first success” trial, and compute the expected number
of flips.

5 Casework and Systematic Counting

Definition. When direct counting is hard, split the problem into non-overlapping cases,
count each, and add.

Example 5. How many three-digit numbers (100-999) contain at least one 77

Solution: There are 900 three-digit numbers in total. The count with no 7is 8 x9x 9 = 648.
Subtracting, 900 — 648 = 252. Therefore, 252 numbers contain at least one 7.

Problems

Problem 5.1. How many three-digit numbers are divisible by 5 and contain at least one even
digit? (Hint: casework on last digit 0 vs. 5.)

Problem 5.2. How many five-letter words using A, B, C have more A’s than B’s? (Hint:
casework on the number of A’s.)

Problem 5.3. Two different cards are drawn uniformly at random from {1,2,...,10}. What
is the probability that their sum s prime?

Problem 5.4. How many 4-digit numbers using digits from {1, 2,3,4,5} are even and contain
a 1?7 (Hint: casework on the last digit and the position of the 1.)

Problem 5.5. In how many ways can three distinct dice show a sum of 97 (Hint: casework
by partitions of 9 respecting the 1-6 limits.)



6 Additional Probability Practice (Multiple Choice)

Problem 6.1.

Problem 6.2.

Problem 6.3.

Problem 6.4.

Problem 6.5.

Problem 6.6.

Problem 6.7.

Problem 6.8.

A fair 6-sided die is rolled twice. What is the probability that the first number
is greater than or equal to the second number?
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A fair 6-sided die is rolled four times. What is the probability that at least
one roll shows a 67
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A bag contains 5 red, 4 green, and 3 blue marbles. Two marbles are drawn at
random without replacement. What is the probability that both are the same
color?
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A spinner has four equal sectors numbered 1 through 4. It is spun twice. What
is the probability that the product of the two spins is divisible by 37
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A three-digit number is chosen uniformly at random from 100 to 999. What
is the probability that it contains at least one digit 77
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A positive divisor of 60 is chosen uniformly at random. What is the probability
that it is a multiple of 37
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Two different cards are drawn uniformly at random from {1,2,...,10}. What
is the probability that their sum is prime?
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Five balls are arranged around a circle. Chris chooses two adjacent balls at
random and interchanges them. Then Silva does the same, independently.
What is the ezpected number of balls that occupy their original positions after
these two transpositions?

(A)1.6 (B)1.8 (C)20 (D)22 (E)24



