FOUNDATIONS OF COUNTING
Remark 1. Throughout, let N be a set of n distinct objects unless stated otherwise.

Definition 1. (Permutations vs. Combinations)
Combinations: A combination is a selection of k elements from N where order does not matter. The
number of k-sized combinations is
n

k-Permutations: A k-permutation is a permutation of k distinct elements selected from N. The number

of k-permutations is
n!

(n—k)!
A specific case of k-Permutations are regular permutations - P(n,n) = n!

Definition 2. (Counting With Repetition Allowed)
Permutations with repetition: A k-permutation from N where elements of N may be selected multiple

times. The number of such permutations is

nk

Combinations with repetition: A k-combination from N where elements may repeat. The number of

such combinations is
n+k—1
k

Formula 1. (Symmetry Identity)
Formula 2. (Pascal Identity)

Formula 3. (Hockey—Stick Identity)
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Formula 4. (Multinomial Coefficient) A multinomial coefficient counts the ways to partition N into m
labeled groups of sizes k1, ..., k,, with no overlap and using all elements. The number of such partitions is
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Formula 5. (Stars and Bars) Stars and Bars counts the nonnegative integer solutions to x1 +-- -+ x, = k.
The number of such solutions is
n+k—1
k

Formula 6. (Binomial Coefficient Library) The binomial theorem expands a power (x + y)™ into weighted

terms. The expansion is
n
n _
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Formula 7. (Vandermonde’s identity) Vandermonde’s identity rewrites a binomial coefficient across two

blocks. The identity is
m+n " /m n
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Problem 1 (2013 AMC 10A #11). A student council must select a two-person welcoming committee and a
three-person planning committee from among its members. There are exactly 10 ways to select a two-person
team for the welcoming committee. It is possible for students to serve on both committees. In how many
different ways can a three-person planning committee be selected?

Problem 2 (2018 AMC 10B #9). The faces of each of 7 standard dice are labeled with the integers from
1 to 6. Let p be the probabilities that when all 7 dice are rolled, the sum of the numbers on the top faces is
10. What other sum occurs with the same probability as p?

Problem 3 (SMT 2021). Alice plays the violin and piano, and would like to create a practice schedule. She
will only practice one instrument on a given day, she can have break days when she does not practice any
instrument, and she wants to make sure she does not neglect any instrument for more than two days (e.g. if
she does not practice piano for two days, she must practice piano the next day). Following these rules, how
many ways can she schedule her practice for eight days?

Problem 4 (SMT 2019). Connie finds a whiteboard that has magnet letters spelling MISSISSIPPI on it.
She can rearrange the letters, in which identical letters are indistinguishable. If she uses all the letters and
does not want to place any I’s next to each other, how many distinct rearrangements are possible?

Problem 5 (AMC 10 #19). Pat wants to buy four donuts from an ample supply of three types of donuts:
glazed, chocolate, and powdered. How many different selections are possible?

Problem 6 (AMC 10B 2005 #18). All of David’s telephone numbers have the form 555 — abc — de f g, where
a, b, c,d, e, f,and g are distinct digits and in increasing order, and none is either 0 or 1. How many different
telephone numbers can David have?

Problem 7 (AIME I 2015 #12). Consider all 1000-element subsets of the set {1,2,3,...,2015}. From each
such subset choose the least element. The arithmetic mean of all of these least elements is g, where p and ¢
are relatively prime positive integers. Find p + q.

Problem 8 (AMC 10A 2016 #20). For some particular value of N, when (a+b-+c+d+1)" is expanded and
like terms are combined, the resulting expression contains exactly 1001 terms that include all four variables
a, b, c, and d, each to some positive power. What is N7



PROBABILITY IN THE AMC

Remark 2. For the following, unless otherwise specified: P(A) = probability that event A occurs, A°¢ =
event A does not occur, ANS = both A and S occur, AUS = at least one of A, S occurs, P(A|S) =
probability of A given that S occurred, A C S = a subset of or equal to S.

Definition 3 (Probability Basics). Let S be a finite sample space of equally likely outcomes and A C S.

Let the probability of A is defined
4]
PA)=—
5]
Key identities:
P(S) =1, 0<P(A) <1, P(A%)=1- P(A)
P(AUB)=P(A)+ P(B)—-P(ANB)
Conditional probability is
P(A|B) =

Events A, B are independent if
P(ANB)=P(A)P(B)

Definition 4 (Expected Value). Let X be a discrete random variable taking values x; with probabilities p;.
The expected value of X is

E[X] = Z TiPs
Properties:
ElaX +bY]| = aE[X] + bE[Y]
Var(X) = B[X?] — (B[X])?
Definition 5 (Geometric Probability). In a continuous setting, probability is defined by ratios of measure.
The probability of an event is
measure of favorable region

P(event) =
( ) measure of total region

Example 1 (Prince). A dart is shot onto a wooden board of size 2 by 2 meters - what is the probability
that the dart lands within 1 unit of the center of the wooden board?

Formula 8 (Bayes’ Theorem). For events Aj,..., A, forming a partition of S and any event B with
P(B) > 0:

P(B | A;) P(4)
21 P(B | A;j) P(4))

P(A; | B) =

Formula 9 (Markov Chains). Markov chains are typically used in problems that involve cycles of repeated
events that can be broken down into states — for example, an ant walking around the edges of a cube and
stopping at a vertex. On the AMC/AIME, they provide a systematic way to model transitions between these
states when the future behavior depends only on the current state, not the full history, especially when there
is a constant probability between states. This property allows complex random processes to be represented
using a small number of equations relating the probabilities or expected values of each state.



PROBLEMS

Problem 9 (AMC 10B 2005 #9, Modified). Three tiles are marked X and two other tiles are marked O.
The five tiles are randomly arranged in a row. What is the probability that the two O’s are not adjacent?

Problem 10 (BMT 2022). Oliver is at a carnival. He is offered to play a game where he rolls a fair dice
and receives $1 if his roll is a 1 or 2, receives 2% if his roll is a 3 or 4, and receives $3 if his roll is a 5 or 6.
Oliver plays the game repeatedly until he has received a total of at least $2. What is the probability that
he ends with $3?

Problem 11 (BMT 2018). Alice starts with an empty string and randomly appends one of the digits 2,
0, 1, or 8 until the string ends with 2018. What is the probability Alice appends less than 9 digits before
stopping?

Problem 12 (2019 AMC 10, Modified). Sashreek, Aayush, and Adhvik play the following game. FEach
starts with $1. A bell rings every 15 seconds, at which time each of the players who currently have money
simultaneously chooses one of the other two players independently and at random and gives $1 to that
player. What is the probability that after the bell has rung 67 times, each player will have $1?7 (For
example, Sashreek and Aayush may each decide to give 1 to Adhvik, and Advhik may decide to give her
dollar to Sashreek, at which point Aayush will have $0, Adhvik will have $2, and Sashreek will have $1, and
that is the end of the first round of play. In the second round Aayush has no money to give, but Sashreek
and Adhvik might choose each other to give their $1 to, and the holdings will be the same at the end of the
second round.)
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Problem 13 (SMT 2021). Consider sequences that consist of 0’s and 1’s. The probability that a random
sequence of length 2021 contains an equal number of occurrences of ‘01’ and ‘10" is 2* where m, n are positive,
relatively prime integers. Find m + n.

Problem 14 (SMT 2021). Alice and Bob play a game in which they take turns rolling a fair die. The
winner of a round is the first player to roll a 6. Whoever loses rolls first in the next round. Alice rolls first in
round 1. The probability that Alice rolls first in round 4 is %, where A and B are relatively prime, positive
integers. Find A + B.

Problem 15 (SMT 2019). The numbers 1, 2, ..., 13 are written down, one at a time, in a random order.
What is the probability that at no time during this process the sum of all written numbers is divisible by 37

Problem 16 (2023 AMC 12A #5). Janet rolls a standard 6-sided die 4 times and keeps a running total of
the numbers she rolls. What is the probability that at some point, her running total will equal 3?7

Problem 17 (2021 AMC 10B #18). A fair 6-sided die is repeatedly rolled until an odd number appears.
What is the probability that every even number appears at least once before the first occurrence of an odd
number?
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