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0 Warm-up!

Problem : Matching without intersections. Given n red and n blue points in a Eu-
clidean plane such that no 3 of them belong to the same line, show that there is a way to
connect each red point with a blue point by a segment of a straight line, such that no two
of the n segments intersect.

bad good
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1 What can we achieve with projective transforma-
tions?

Problem 1. The goal here is to show that the projective transformation of a plane is
uniquely determined by the image of 4 points (compare with 1(c), (d)).

(a) Let Xi,...,X,12 be in the general position in the projectivization P(V') of an n-
dimensional vector space V, i.e. each tuple of (n + 1) points among them can be
represented by (n + 1) linearly independent vectors (this is equivalent to saying that
they do not belong to a projective hyperplane).

Show that there is a unique, up to common rescaling, choice of representative vectors

V1, ..., Upto such that
n+1

Un42 = E Vj.
i=1

Recall that a vector v € V represents a point X € P(V) if the line ¢, = {\-v € V|X € R}
spanned by v is exactly X.

Solution:

(b) Consider another tuple of points Y7, ..., Y, 2 in a general position. Show that there are
vectors wy, . .., w, o representing these points and a linear transformation 7: V — V'
such that

Solution:
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Problem 2. (a) Show that for a line ¢ on the projective plane P? there exists a projective

transformation sending ¢ to the line at infinity.

Solution:

Given a circle w located in the affine part of the projective plane and a line ¢ not
intersecting w. Show that there exists a projective transformation which sends w to a
circle and ¢ to the line at infinity.

Hint: recall that we know how many times each of the conics intersects the line at
infinity. Also see Problem 7 below.

Solution:

This is not a problem to solve. Using polar correspondence (which we will discuss at
some point), one can easily show that for a point O inside a circle w there exists a
projective transformation taking w to a circle and O to its center.

Sketch of proof: polar dual of the center is the line at infinity. Hence, applying (b) to
the polar dual of O, we get the statement of (c).
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2 Let’s use our new tools!

Problem 3: Pappus’ Theorem. If points Ay, By,C} lie in a line ¢; and As, By, Cy lie i
n a line /5, then the intersections of the lines A1 By and Ay B;, B1Cs and By(C4, C1A; and
C5A; lie in a straight line.

Solution:

Problem 4: Desargues’ Theorem. The lines A; Ay, By By, C1C5 connecting the correspond-

ing vertices of triangles AA;B;C, and AA;ByCy intersect in one point if and only if the

intersection points of lines A; By and Ay By, B1Ch and By(Cy, C1 A7 and C5A, lie on one line.
Solution:

Problem 5: Pascal’s Theorem. The intersection points of the opposite sides of an in-
scribed hexagon in a given conic belong to the same line.
Solution:
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Problem 6: Brianchon’s Theorem. The principal diagonals of a hexagon, whose sides
are tangent to a conic, meet at one point.
Solution:

Problem 7: Algebraic approach to conics in a plane. A conic in a projective plane
is a solution of an arbitrary quadratic equation

Ax? + Baxy + Cy* + Daz + Eyz + F2* =0, (1)
which specializes in the affine chart to
Az? + Bay +Cy* + Dx+ Ey+ F = 0. (2)

The hyperbolas, parabolas, and conics are only different from the perspective of their pre-
sentation as in (2) and not as in (1). Moreover, up to affine transformations, each conic can
be taken to one of the standard ones:

yzzx, :EQ—I—yQ:la xy = 1.

(a) Using the above, show that ellipses do not intersect the line at infinity, parabolas are
tangent to this line, and hyperbolas intersect this line in two points. For the particular
curves above, find the coordinates of the intersection points.

Solution:

(b) Show that there is a unique conic passing through 5 points on the projective plane in
the general position. Recall that points are in general position if they do not belong
to the locus of solutions of some polynomial equations (finitely many).

Solution:

Problem 8. Show that there is a projective transformation taking a given convex pentagon
to the pentagon formed by points of intersection of its diagonals.



