AMC 8 Training: Stars and Bars & Complementary Counting

Charles Breeden, with Practice Problems Collected by Sahana Sri

Reminder.
Permutations are given by , P, =n-(n—1)-(n—2)- ... -(n—k+2)(n—k+1)
Combinations are given by (Z) = %

1 Stars and Bars

The Stars and Bars method helps us count the number of ways to distribute identical objects into
boxes. Think of “stars” as objects (like candies or coins) and “bars” as dividers between groups.

Example 1. How many ways can you give 5 identical candies to 3 children?

Solution. We can represent each candy as a star (x) and each division between children as a bar ().
For example, the arrangement
Kok | k| Kk

means the first child gets 2 candies, the second gets 1, and the third gets 2.
There are 5 stars and 2 bars in total, for 7 symbols. We can place the 2 bars anywhere among the

7 positions.
Number of ways = Sr3—l = 7 =21
3—-1 2

Theorem 1.1. The number of ways to distribute n identical objects into k& boxes is (”Zﬁ;l)
Problem 1.1. Prove Theorem 1.1 using Stars and Bars.
Problem 1.2. How many ways can you give 8 identical apples to 4 students?

Problem 1.3. How many integer solutions are there to x1 + x2 + x3 = 10, if all x; are nonnegative?

Problem 1.4. How many ways are there to give out 10 identical candies to 4 kids, if each kid must
get at least 1 candy and no more than 57

Problem 1.5. How many ways are there to give out 8 balls to 3 kids, if two balls are red, and one is
blue, while the rest are all white?

Problem 1.6. How many ways are there to distribute 15 identical candies among Alice, Bob, Connor,
and Dylan, if Alice must have more candies than Bob?

Problem 1.7. How many ways are there to distribute 15 identical candies among Alice, Bob, Connor,
and Dylan, if Alice must have more candies than Bob, and Dylan must have more candies than Alice?
How does your answer to this question change if Alice must have at least as many candies as Bob, and
Dylan must at least as many candies as Alice?

2 Complementary Counting

Sometimes, it’s easier to count what we don’t want and subtract from the total. This is called com-
plementary counting.

Example 2. How many 3-digit numbers have at least one repeated digit?



Solution. Instead of counting numbers with repeats directly, we’ll count the complement — numbers
with no repeats.

e There are 9 x 10 x 10 = 900 total 3-digit numbers (100-999).
e For no repeats:

— The first digit (hundreds) has 9 options (1-9),
— The second has 9 remaining options (any digit except the first),

— The third has 8 remaining options.
So there are 9 x 9 x 8 = 648 numbers with all digits different. Subtract to find those with repeats:
900 — 648 = 252

Problem 2.1. A password is made of 4 letters (A-Z). How many passwords contain at least one
repeated letter?

Problem 2.2. How many subsets of {1,2,3,4,5} contain at least one even number?

Problem 2.3. How many ways can you arrange the letters of the word “SCHOQOL” so that the two
O’s are not together?

Problem 2.4. How many ways can 5 students (Alice, Bob, Connor, Dylan, Elise) be seated in a
circular table if Alice and Bob refuse to sit next to each other, and Elise refuses to be directly between
Alice and Bob?

Challenge (optional). Grid City consists of a unit grid of city blocks. The city is divided into
two sections, Square Town, and Rectangle-Ville. Square Town and Rectangle-Ville intersect, and their
borders run along the grid lines of Grid City. James lives on the border of both Square Town and
Rectangle Ville, and has to walk 3 blocks to work every day. James’ office is also on the border of Square
Town and Rectangle-Ville. If Square Town is shaped like a square with area 49, and Rectangle-Ville
is a rectangle with area 80, how large is Grid City?

3 Practice

Having gone over many techniques of combinatorics, we can now solve many of the problems given on
the AMC 8 exams. Try practicing with the following problems.

Problem 3.1. A single bench section at a school event can hold either 7 adults or 11 children. When
N bench sections are connected end to end, an equal number of adults and children seated together
will occupy all the bench space. What is the least possible positive integer value of N7

(A)9  (B)18  (C)21  (D)36  (B)77

Problem 3.2. A positive integer divisor of 12! is chosen at random. The probability that the divisor
chosen is a perfect square can be expressed as ”, where m and n are relatively prime positive integers.
What is m + n?

Problem 3.3. For a set of four distinct lines in a plane, there are exactly N distinct points that lie
on two or more of the lines. What is the sum of all possible values of N7

(A)14  (B)16  (C)18  (D)19  (E)21

Problem 3.4. A child builds towers using identically shaped cubes of different colors. How many
different towers with height 8 cubes can the child build with 2 red cubes, 3 blue cubes, and 4 green
cubes? (One cube will be left out.)

(A)24  (B)288  (C)312  (D)1260  (E) 40320



Problem 3.5. The numbers 1,2,...,9 are randomly placed into the 9 squares of a 3 x 3 grid. Each
square gets one number, and each of the numbers is used once. What is the probability that the sum
of the numbers in each row and each column is odd?
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Problem 3.6. How many ways can a student schedule 3 mathematics courses—algebra, geometry,
and number theory—in a 6-period day if no two mathematics courses can be taken in consecutive
periods? (What courses the student takes during the other 3 periods is of no concern here.)

(A)3 (B)6 (C)12  (D)18  (E)24

Problem 3.7. Alice has 24 apples. In how many ways can she share them with Becky and Chris so
that each of the three people has at least two apples?

(A)105  (B)114  (C)190  (D)210  (E) 380

Problem 3.8. How many distinguishable arrangements are there of 1 brown tile, 2 green tiles, and 3
yellow tiles in a row from left to right? (Tiles of the same color are indistinguishable.)

(A)210  (B)420  (C)630  (D)840  (E) 1050

Problem 3.9. There are 20 students participating in an after-school program offering classes in yoga,
bridge, and painting. Each student must take at least one of these three classes, but may take two
or all three. There are 10 students taking yoga, 13 taking bridge, and 9 taking painting. There are 9
students taking at least two classes. How many students are taking all three classes?

(A)1 (B)2 ()3 (D)4 ()5

Problem 3.10. Coin A is flipped three times and coin B is flipped four times. What is the probability
that the number of heads obtained from flipping the two fair coins is the same?

29 23 1 35 1
A) — B) — - D) — E) =
( )128 ( )128 <C)4 ( )128 ()2
Problem 3.11. When three positive integers a, b, and ¢ are multiplied together, their product is 108.
Suppose a < b < ¢. In how many ways can the numbers be chosen?

Ao ®1 (€8 (D3  (E)6

Problem 3.12. In how many ways can the letters in REFEREE be rearranged so that two or more
Es do not appear together?

Aae  ®7 (€4 D)3 (E)I

Problem 3.13. Alice has 22 apples. In how many ways can she share them with Becky and Chris so
that each of the people has at least 2 apples?

(A)153  (B)136  (C)36  (D)190  (E) 210

Problem 3.14. From a regular nonagon, a triangle is formed by connecting three randomly chosen
vertices of the nonagon. What is the probability that at least one of the sides of the triangle is also a
side of the nonagon?

Problem 3.15. A box contains six cards, numbered 1,2,3,4,5, and 6. Three cards are selected ran-
domly without replacement from the box. What is the probability that 4 is the largest value selected?



	Stars and Bars
	Complementary Counting
	Practice

