Linear Algebra with Applications to Sequences and Series

Terry Wang

Advanced 2 - March 2025

We will be doing some linear algebra content today! Any problem marked * are harder than usual.

1 Basic Linear Algebra Review

First, a primer on linear algebra. We will primarily be working with vectors in R™ over the course of the next 3 sections.

Definition 1 R" is the set of n-tuples, with each entry consisting of a real number, I will typically write such vectors as:

(v, vn

Or some letter other than v. Two vectors in the same R™ may be added in the obvious way:

U1 w1 V1 + wy
+ =
Un W, Up + Wy
Problem 1 Add the following vectors.
1 (1L,2)T+ (2, )7
2. (1,2,3)T + (—1,2,—-4)T
3(2,1,4)7 +(1,-3,4)7T

Definition 2 One can multiply a vector by a scalar (or a real number), with the notation as being follows, for ¢ € R and
— T n.
v=(v1,...,0,)" €R":
U1 CU1

c(vi,..., o) =¢ | =
Up cup

Problem 2 FEwvaluate the following:

10
1. (-1 |1
10
(17 (3
2.311 1]+ |2
-1 |t
17 [3 -2
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12| -3 -3




Definition 8 For natural numbers n,m, a n X m matriz is an array of numbers with n rows and m columns, the set of n X m

matrices is denoted My xm(R). We typically write M € My, xm as follows:

Ml,l M172 . Ml,m

My Mo ... DMy,
M = . . .

Mn,l Mn,2 LR Mn m

s

Two matrices A, B € My, xm(R) can be added as follows:

A +Biy Aig+ DB ... A+ Bim

As1+Bay Asp+DBaas ... A+ DBap
A+ B= . . . .

An,l + Bn,l An,2 + Bn,2 .. An,'m + Bn,?n

Matriz multiplication also exists, but it is a bit more complicated, let A € Myxk(R) and B € Mixm(R) (in particular their

dimensions must be compatible):

@ ﬁ Al,k @ Bis ... Binm My 4
A271 A2’2 N A27k B2,1 B2,2 cee BQ,m M2,1
A1 Apo ... Ang B Bk,g - ma M"yl

Ml,m,
Ms .,

My m

Where M; ; = Zle A; By ;. For instance, in the above underlined row of A column of B give My 1. A vector is a special case

of a vector in M, x1(R), so this also defines matriz-vector products.

Problem 3 Evaluate the following:

; 12‘+56
"3 4 7 8
(1 2] [5 6
2'_3 4|7 8}
5 6] 1 2
3’_7 8] 3 4}
(1 2] (5
4_3 4__6]

5'1 21 5 6+9 10
"3 4|7 8 11 12
7 8
123] [9 10}

6 1 2| +
45634 11 12

Definition 4 When multiplying a matriz by itself, we will abbreviate (the below product consists of n As):

AXAXx---xA=A"

Does this make sense for any matrix that is not a square matriz?

Problem 4 Notice that problem 3.2 and 3.3 are very similar, with only the order of the matrices in the product swapped, did

you get the same results?



Definition 5 The magnitude/Euclidean norm of a vector v = (vq,...,v,)T € R" is denoted as follows:

loll = /o2 + .02

Note 1 There exists other norms, in particular the above is sometimes also referred to as the 1> norm. The IP norm (forp > 1)
in general is defined as:

1
[v]lp = (W} +---40h)>

Definition 6 The identity matriz I, € M, «n(R) is the matriz:

1 0 0
="

S

0 0 1

Problem 5 Calculate the magnitudes of the following vectors:
1. (1,2,3)T
2. (2,1,3)T
3. (1,-1,1)T
Problem 6 Show that for any M € M, x,(R), M1, = I,M = M.

2 Determinants
Definition 7 vy,...,vr € R™ are called linearly independent if for every choice of c¢1,...,c, € R:

0
¢; #0 for some 1 <i<k = clv1+--~+ckvk7é6:

Problem 7 Are the following vectors linearly independent?
1. (1,2)T,(3,6)T
2. (-1,1)T,(124,4)T, (-10,-2)T
3. (=1, 1,07 (1,4, )T, (-1,-2,2)T

Problem 8 Let v = (v1,v2)T,w = (w1, w2)T € R2, these two vectors define a parallelogram with vertices 0,v,w,v + w Prove
that the area of this parallelogram is:
A = |1)1U)2 — wl’Ug‘

What happens to this area when v, w are linearly dependent (ie. not linearly independent)?



Definition 8 The dot product of two vectors v,w € R™ is as follows:
v-w = ||v||||w] cos 8

Where 0 is the angle between the endpoints of the vectors and the origin.

Definition 9 The cross product of two vectors v,w € R3 is the vector v x w with magnitude:
[l x w]| = [|v][]Jw]| sin 6

And direction perpendicular to the plane spanned by v, w with the orientation determined by the right hand rule.

Note 2 The right hand rule is a process for determining the direction of the vector resulting from a cross product v X w:
1. Point your fingers in the direction of v
2. Curl your fingers in the direction of w
8. Your thumb should now point in the direction of v X w

Note 8 The dot product and cross product have formulas, for v = (v1,...,v,),w = (w1,...,w,) € R™:
V-w =W+ F UWy
For v = (v1,ve,v3),w = (w1, ws,w3) € R3 the cross product has this formula:
v X w = (W3 — V3Wa, V3W] — W31, V1 W3 — W1V2)

We will not be proving these as they are not particularly interesting.
Problem 9 calculate the following quantities:

1. (1,1,)7 - (=1,2,-1)7

2. (1,1,1)7-(2,2,2)T

3. (1,2,3)T x (3,1, 1)T

4. (1,2,3)T x ((3,1,1) + (3,4, 1)T)

5. (L1, x (-1,2,-1)7T

6. ((1,1,1) T><( 1,2, —1) T)-(1,0,0)T

7. (1,1, )7 x (1,0,007) - (=1,2,-1)T
Problem 10 Prove that v X w = —w X v

Problem 11 Triple product Let u,v,w € R3, the points 0, u, v, w,u+ v, v +w,u+w,u—+ v+ w define a 6 sided shape called a
parallelepiped. Prove that this volume satisfies:
V=1(vxw)- u

From this conclude that:
[(uxv) - wl=|(wxu) v]=[vxw) yl



Definition 10 The null space or kernel of a matriz M € M, «,(R) is the set of vectors v € R* such that Mv = 0.

Problem 12 Show that for a 2x2 matriz M € Msy2(R), the kernel of M contains a nonzero vector if and only if vy ws —wve| #
0 where v,w € R are the vectors formed by the columns of M. Likewise do this for M € M3yx3(R) with columns my,ma, ms3
and the expression |(m1 X ma) - ms|.

Problem 13 Prove that f(v,w) := viwy — vow; is the unique function from R? x R? — R that satisfies the following three
criteria:

1. Normalization: f (B] , {ﬂ) =1

2. Linearity: f(u,av 4+ bw) = af(u,v)+ bf(u,w) and f(av + dbw,u) = af(v,u) + bf(w,u)
3. Alternating: f(v,v) =0

Note 4 The above problem holds for the corresponding expression in 3D as well:(u x v) - w. In fact, these two quantities are
specific cases of a quantity known as the determinant (although typically the determinant is defined as acting on a matriz rather
than a sequence of n column vectors):

Definition 11 The determinant of a matric M € My, x,(R), typically written as det(M), is the unique function M, x,(R) = R
such that:

1. Normalization: det(I,) = 1.

2. Linearity: Suppose M € M,,xn(R) has columns mq, ... ,my, if for some 1 < i <n we write m; = av + bw for some scalars
a,b € R and some vectors v,w € R", we have:

det(M) = adet(M") + bdet(M")

Where M', M" have columns same as M but with column i replace with v and w respectively.
3. Alternating: If M € M, «n(R) is such that two of its columns are equal, then det(M) = 0.

Note 5 Laplace Expansion. We won’t be proving this, but the determinant admits a recursive calculation rule, for any
1 <i,j <n, denote m; ; the (n — 1) x (n — 1) matriz generated by removing the ith row and jth column:

n

det(M) = Z(—l)H—jMi,j det(m; ;)

j=1

So that the problem of calculating the determinant of a n X n matriz becomes a problem of calculating multiple determinants of
(n—1) X (n—1) matrices.

Problem 14 Prove that det(A) = (a1 X az) - as for A € Msy3(R) with columns a1, as,as using the formula for the 2 X 2 matriz
determinant det(B) = Bl71B2,2 — B1723271.

Problem 15 Prove that if M € Myxn(R) has linearly dependent columns, det(M) = 0. Conclude that det(M) = 0 if and only
if M there is a nonzero vector in the kernel of M .

Problem 16 Prove that det(I,) =1 for any n.



Note 6 The determinant now plays two roles. First of all it tells us when a matriz is invertible/when the columns vectors are
linearly independent. Two the determinant can be viewed as a signed volume of the shape spanned by n vectors in R™, after
all, the three characteristics that define a determinant are also exactly what you would want from a measure of volume.

Problem 17 Calculate the determinant of the following:

1 2 3 4
5 =2 1 5
4 -3 3 1
1 0 00

Problem 18 An upper triangle matriz (resp. lower triangular) is a matriz with entries only on and above (resp. below) the
diagonal:

Al,l ALQ A Al,n
A= 0 . AZ,n
0 0 A,

Prove that:

Problem 19 * Prove det(AB) = det(A) det(B).

Problem 20 Vandermonde matrices* Let xg,...,x, € R find the value of the determinant of the following matriz (in terms
of the x;s):

| O |

o ce . I

Ty .. ... Tp



3 Diagonalization

Definition 12 A basis of R™ is a set of n linearly independent vectors.

Problem 21 Let vy, ...,v, € R" be a basis, show that for every v € R™ there exists unique c1,...,c, € R such that:

c1v1+ -+ Uy =V

Problem 22 Prove the converse to the last question. Suppose v1,...,vx are a set of linearly independent vectors such that every

v € R™ admits a unique representation cy,...,c,x € R™ in terms of vy,...,Vk:

c1v1 + -+ CrUE

Then k =n.

Definition 13 An eigenvalue A € R and a corresponding eigenvector v € R™ for a matrix M € M, x,(R) is a nonzero vector
and scalar pair such that \v = Mwv. Note that if v is an eigenvector then so is any multiple of v.

Problem 23 Show that for a given matric M € M,x,(R) and a real number X\, A\ is an eigenvalue of M if and only if
det(M — A\I,) = 0. This gives us a way to solve for eigenvalues.

Problem 24 Find the eigenvalues and eigenvectors of the following matrices, then find an eigenbasis (bases for R™ consisting
of eigenvectors) for each matriz with the first entry normalized to 1:

1 0
o Y]
1 -1
-
1 2 1
3 6 -1 O
-1 -2 -1
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Problem 25 Does every square matrix have an eigenbasis? Why or why not, give a counterezample or proof.

Problem 26 Suppose a matrix M € M, «,(R) has an eigenbasis vi,...,v, with corresponding eigenvalues A1, ..., A,. Prove
the following:
1. Let 'V be the matrix consisting of column vectors vi,...,v,, let V=1 be its inverse (ie. VV 1 = V=V =1,). Show that

V—lv; = e; where e; is a vector of all 0s aside from the ith entry being 1.

2. Prove that Mw = VDV ~lw for any w € R™ where D is a matriz whose diagonal entries are \i,...,\, (and all other
entries 0).

3. Conclude that M = VDV 1L,

Definition 14 The above problem justifies the following definition. A matriz with an eigenbasis is called diagonalizable.

Problem 27 Diagonalize the matrices in problem 24 (give matrices D,V for each, you do not need to calculate V=1).

Problem 28 Show that if M € My «,(R) is diagonalizable, then det(M) = Ay - --- - \,, where A\y,..., A, are the eigenvalues of
M.

Problem 29 Let M be a diagonalizable matriz with every eigenvalue smaller than 1 in absolute value, show that M + I is
invertible.



4 Recursion

Definition 15 The Fibonacci sequence (as you may already know) is defined as the recursive sequence with Fy = 1, F; = 1 and
Fn+1 =F +F, 1.

Problem 30 Let v, € R? be the vector defined as v, = (F,,F,_1)T. Find a matriz M such that it satisfies the recursive
relationship vy,11 = Mwv, for n > 1.

Problem 31 Continuing from the previous problem, find M?, M*, M (you don’t need to evactly evaluate every number for
the last one). What is the general formula for M™? Hint: diagonalize the matriz first.

Problem 32 Find a closed form solution for the nth Fibonacci number.

Problem 33 Binet’s formula Alternatively, prove by induction that:

et =y

1 1
F, = 7 where @ = 5(1+\/§) and ¢ = 5(17\/3)

Note 7 This above process gives a clean and concise way to find the close form of such linear recursions in general. Given a
recursive relationship apy1 = cra1 + -+ + cpay, we can find the associated matriz, diagonalize, and exponentiate the matriz to
get the closed form for the recursion.

In a vacuum, it is difficult to come up with formulae like that of Binet’s formula, and this process makes it deterministic.



Problem 34 Find the general formula to the following recursions:
1. agq1 = 2ay, ag = 5.
2. Gp41 = ap + 2ap—1, ag = a1 = 1.

3. Gpy1 = an +3an—1 + lapn—2, ap = a1 = a2 = 1.

Problem 35 * Solve the following recursions:
1. apy1 =nap,a0 =1
2. Gpy1=ap+ap1+1,a0=0a; =1

3. py1 =0n+ap—1+n,a0=0a1 =1

10



5 Extra Problems!

Problem 36 * Prove that if M € M, x,(R) is such that M* = 0 for some k € N. Show that det(M + I,,) = 1.

Problem 37 * Show that det(A) < c"n% if A€ M, «,(R) with every entry smaller than ¢ > 0 in absolute value.

Definition 16 A matriz A is called block diagonal if there exists ay,...,a, € N and Ay, ..., A, square matrices with A; being
a a; X a; matriz for 1 < i < n such that the square submatrices generated by taking the entries between the Z;:ll a; + 1th and

Zle a;th diagonal entries is A; (and all other entries are 0). Visually it looks like:

A; 0

0 A,
Problem 38 * Let A be a block diagonal matrix with the matrices on the diagonal being A1, ..., Ay, prove that:

det(A) = det(A4y) - -+ - det(A,)

Problem 39 Schur Complements Let M € Mayxo,(R) be a matriz defined by 4 n x n submatrices A, B,C, D:

et 3

Prove that det(M) = det(A) det(D — CA™1B) = det(D) det(A — BD1C) provided A, D are invertible.

11



Problem 40 Show that AB and BA have the same eigenvalues for any two A, B € M, «,(R).

Problem 41 * Letn € N, let Q € Moy, x2,(R) be such that the top left and bottom right n X n entries are 0, the top right n x n
submatriz is I,, the bottom left n x n submatriz is —I,. Show that if another matriz M € Mayxon(R) satisfies:

QMQ+ M =0

Then det(M) = 1. You may assume that every submatriz of M is invertible.

Problem 42 * Suppose we have vectors vy,...,v, such that |Jv; — e;| < ﬁ for all 1 < i < n. Prove that this is a basis. Here
e; 1s the standard basis vector of all zero entries except for the ith entry being 1.

12
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