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1 Permutations

Permutations are tools used to answer questions of the form ”If I have n things, how many ways are
there to arrange k of them?” To see what I mean, let’s work through an example.

Example 1. If I have 6 pens, how many ways are there for me to arrange 3 of them in order?

Solution.

Step 1: How many options are there for which pen to put first?

Step 2: How many options are there for which pen to put second, after you pick out the first?

Step 3: How many options are there for which pen to put last, after you pick out the first two?

Step 4: Given your prior answers, how many ways are there to arrange 3 of the pens?

Step 5: How would your answer to this question change if you were asked to arrange 4 of your 6
pens, or 3 of your 7 pens?

Step 6: How would your answer to this question change if you were asked to arrange k of your n
pens?

In general, if you have n things, the number of ways to order k of them is ”n permute k,” or nPk.
Through the example, you have shown that nPk is given by this equation:

nPk = n · (n− 1) · (n− 2) · ... · (n− k + 2)(n− k + 1)

Problem 1.1. In your own words, explain why the formula for nPk is correct to an instructor.

Problem 1.2. If I have a room with 7 doors, how many ways can I enter through one door and exit
through another?

Problem 1.3. How many 3-letter words can you make with the letters ”ABCDEF,” if you are not
allowed to repeat letters?

Problem 1.4. How many ways can you choose 4 kids to be class president, vice president, secretary,
and assistant from a class of 10?

Problem 1.5. How many 4 digit numbers can you make using the digits 1,2,3,4,5, if there are no
repeats, and your number is a multiple of 3?

Problem 1.6. You start with the sentence ”A divides B+C+D+E.” If you can replace the letters A,
B, C, D, and E with the numbers 1, 2, 3, 4, and 5, without repeats, then how many ways are there to
make a true statement?

Challenge (optional). How many five-digit numbers can be formed using the digits 1,2,3,4,5,6, if
there are no repeats, and the digits increase from left to right in at least one place and decrease from
left to right in at least one place?
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2 Combinations

Combinations are tools used to answer questions of the form ”If I have n things, how many ways are
there to choose k of them?” A key word here is choose; it tells us that we don’t care about how our
elements are ordered. To see what I mean, let’s work through another example.

Example 2. If I have 7 letters, ABCDEFG, how many ways are there for me to choose 3 of them?

Solution.

Step 1: Using permutations, how many ways are there to arrange 3 of the 7 letters?

Step 2: How many of the 3 letter arrangements from Step 1 are rearrangements of ABC?

Step 3: Does your answer to Step 2 change if we count how many of the 3 letter arrangements from
Step 1 are rearrangements of DEA, or CDG?

Step 4: Given your prior answers, how many times larger is 7P3 than the solution to Example 2?

Step 5: What is the solution to Example 2?

Step 6: How would your answer to this question change if you were asked to choose 3 letters from
a set of 5 letters, or 4 letters from a set of 6 letters?

Step 7: How would your answer to this question change if you were asked to choose k letters from
a set of n letters?

In general, we denote ”the number of ways to choose k elements from n elements” as
(
n
k

)
, or ”n

choose k”. Through Example 2, you should have derived a general formula like this:

(
n

k

)
=

nPk

# of ways to rearrange k elements

To figure out how many ways you can rearrange k elements, we can just use permutations again;
it is kPk, by definition. So our formula turns into:

(
n

k

)
=

nPk

kPk

Problem 2.1. In your own words, explain why the formula for
(
n
k

)
is correct to an instructor.

Problem 2.2. In how many ways can you choose 2 marbles from a bag of 6 distinct marbles?

Problem 2.3. A 12-player team needs to choose 5 starters. How many ways are there to choose these
5?

Problem 2.4. A 12-player team needs to choose 5 starters, and 2 of these starters need to be named
co-captains. How many ways are there to make this decision?

Problem 2.5. In the figure below, how many paths are there from the start to the end, if you are
only allowed to travel along grid lines and you can only go up and right? (Hint: You must take 10
steps in total. 4 of them must go up, and 6 of them must go right.)

Problem 2.6. How many rectangles are in a 4-by-6 grid of squares?

Problem 2.7. Explain to an instructor why
(
n
k

)
=

(
n

n−k

)
Challenge (optional). How many ways can you choose 4 donuts, if there are 6 flavors at the donut
store, and you are allowed to get multiple of the same flavor?
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