ORMC AMC 10/12 255 WEEK 3: ALGEBRA

KEY EQUATIONS AND THEOREMS

Definition 1 (Quadratic Formula). Let a,b,c € R with a # 0. For the quadratic equation ax? + bz + ¢ = 0,

the solutions are
_ —bExVb? —dac
T = —ay
Here the discriminant is A = b — 4ac.

Proposition 2 (Discriminant A and Number of Real Roots). Let a,b,c be real numbers with a # 0 and
A = b% — 4ac for ax® + bx + ¢ = 0.
(i) If A >0, there are two distinct real roots:
-bEt VA
rT=—:.
2a
(ii) If A =0, there is only one real root:
—b
=50
(iii) If A < 0, there are no real roots (the roots are complex numbers).
Proposition 3 (Vieta’s Formulas). If x1, 2o are roots of ax?® + bx + ¢ = 0, then

C
T+ X9 = ——, T1xg = —.
a a

These are very useful for quickly calculating the sum/products of root roots or to compute symmetric
expressions.

Proposition 4 (General Form of Vieta’s Formulas). For a polynomial

™ + an_12" P+ Fax+ag=0

with roots r1,ra, ..., (not necessarily distinct), the relationship between roots are:
p
P Ty, = —
425
and
ao

TiTy - Ty = (—1)";.

Theorem 5 (Rational Root Theorem). If a polynomial
f(z) =ana™ + 12" L+ a1z + ag
has a rational root, then it can be written as »
q
where p is a factor of ag and q is a factor of a,.
Proposition 6 (Remainder and Factor Theorems). For any polynomial f(z) and real number a,
f(x)=(x—a)Q(x) +r, r = f(a).

Thus x — a is a factor of f(x) if f(a) =0.
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Proposition 7 (Difference and Sum of Powers). For real numbers a, b,

a>—bv*=(a—0b)(a+b), a®—b=(a—b)(a®+ab+1?), a®+b>=(a+0b)(a®—ab+b?).
Useful for fast factorization and cancellations.
Theorem 8 (Binomial Theorem). For integers n > 0 and real numbers a,b,

oS (e ()

k=0
Use to expand or extract coefficients.
Proposition 9 (Triangle Inequality). For real numbers a,b,
la+ 0] < |a] + [0].



PROBLEMS

Problem 1 (AMC 10A 2018 #8). Joe has a collection of 23 coins, consisting of 5-cent coins, 10-cent coins,
and 25-cent coins. He has 3 more 10-cent coins than 5-cent coins, and the total value of his collection is 320
cents. How many more 25-cent coins does Joe have than 5-cent coins?

(A0 (B)1 (C)2 (D)3 (E)4

Problem 2 (AMC 10B 2022 #7). For how many values of the constant k will the polynomial x? + kz + 36
have two distinct integer roots?

(A)6 (B)8 (C)9 (D)14 (E)16

Problem 3 (AMC 10A 2022 #11). Ted mistakenly wrote 2™ - /o= as 2+ 1/ 1o55. What is the sum of all
real numbers m for which these two expressions have the same value?

A)s ®B6 (©7 D8 (E)I

Problem 4 (SMT 2023 Algebra #1). There exists a unique real value of z such that
(x4 x)*> =16

Compute x.

Problem 5 (SMT 2023 Algebra #4). If the sum of the real roots to x to each of the equations
1
2z z+1
for k = 2,3,...,2023 is N what is 2V?

Problem 6 (BMT 2019 Algebra #3). There are several pairs of integers (a, b) satisfying a® —4a+b?—8b = 30
Find the sum of the sum of the coordinates of all such points.
Problem 7. Let 1, s, and t be the distinct roots of 23 — 202222 + 2022z + 2022 = 0 Compute

1 1 1

1—T2+1—82+1—t2

Problem 8 (BMT 2019 Algebra #5). Find the sum of all real solutions to
(2% — 10z — 12)7 +52+2 — 1

Problem 9 (AMC 12A 2021 #7). What is the least possible value of (zy — 1) + (z + y)? for real numbers
x and y?

W0 ®; ©; O (®):2

Problem 10 (AIME I 2014 #6). The graphs y = 3(x — h)? + j and y = 2(x — h)? + k have y-intercepts of
2013 and 2014, respectively, and each graph has two positive integer x-intercepts. Find h.



SEQUENCE AND SERIES

Basic Sequences A sequence is an ordered list of numbers, while a series is an ordered sum of numbers.
For instance, 10,11,12,...,99 is a sequence, while 10+11+12+---499 is a series. The order of the numbers
in a sequence or series matter, so 1,2,3 # 2,3, 1.

An arithmetic sequence is a sequence in which the difference between any two consecutive terms is the
same. This fixed difference is known as the common difference of the sequence.

Arithmetic Series [Sum| Formula: S = n(a + b)/2, where n is the number of terms, a is the first term,
and b is the last term.

A geometric sequence is a sequence for which there exists a constant r such that each term (except for
the first term) is r times the previous term. This constant r is called the common ratio of the sequence. The
nt" term of geometric series is ar™ !, where a is the first term.

A geometric series with n terms, first term a, and common ratio r (with  # 1) has sum

a(r™ —1)
r—1

Telescoping Series As an example of a common method used to simplify, consider the series

R S
3-4 n-(n+1)

S~ 11t
—~i(i+1) 1-2 2.3

=1

This is the simplest example of a telescoping series, so called because the series can be made to fold up like
a telescope, leaving only a couple of terms behind. The key is the partial fraction decomposition

1 1 1

nin+1) n n+1l

1 1
This simplifies into 1 nsD because all other terms in the middle cancel each other out. Using PFD and
n

Telescoping is a common way to deal with a lot of series that initially seem complicated due to polynomials
in the denominator.

Recurrences A recurrence relation is an equation that defines each term of a sequence based on one
or more of its previous terms. Instead of giving an explicit formula for the n'” term, a recurrence describes
how the sequence “builds” itself from earlier terms.

For example, the sequence defined by a1 = 1, a, = a,—1 + 3 is an arithmetic sequence with common
difference 3, because each term is generated from the previous one.

A more interesting example is the Fibonacci sequence, defined by F; =1, F, =1, F,=F, 1+
F,_2 (n>3). This is a second-order linear recurrence relation because each term depends on the previous
two.

Solving Linear Recurrences

Many recurrences can be solved to find a closed-form expression. For linear recurrences with constant
coefficients, such as a,, = r1a,_1+r2a,_2 we can often assume a solution of the form a,, = kx™. Substituting
and simplifying leads to a simple equation, whose roots determine the general form of the solution.

Example — Derivation of Binet’s Formula
For the Fibonacci recurrence F,, = F,,_1 + F,,_o, we assume F,, = 2. Then 2" = 2" 1 + 272 =

22 = x + 1. The characteristic equation 2> — 2 — 1 = 0 has roots a = 1+T‘/5, g = 1_7‘/5 Hence the

general solution is F,, = Aa™ + Bf"™. Using the initial conditions F; = 1 and F» = 1, we solve for A and

B to get A = %, B = —%. Therefore, the n'" Fibonacci number can be written in closed form as
4
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The Binomial Theorem
The Binomial Theorem gives a formula for expanding powers of a binomial expression:

o= e G ()

(1) = e

This version only works when n is a nonnegative integer. However, we can extend the theorem to any
real n. We start by re-writing the coefficient as

n\ nn—-1)(n-2)---(n—k+1)
k k!
which remains meaningful even when n is not a positive integer - for example

<1/2> _ 1/2)(=1/2)(=3/2) _ 1

(1 +2\/5> — (1 2\/5> ] , which is known as Binet’s Formula.

where

3 3! ~ 16

Thus for any non-integer real number n and integer k > 0, (z 4+ y)" = Yoo ()" "y*, if n is not a
nonnegative integer.

Notes:
k must still be a nonnegative integer, since k! appears in the denominator.

(’OL) =1 for all real n.

For non-integer n, (Z) no longer represents “choosing k items from n,” but it still extends the algebraic
pattern of the Binomial Theorem.



PROBLEMS

Problem 11 (SMT 2014 Algebra #2).
Compute 9°4+6-9° +15-9*+20-934+15-92+6-9

Problem 12 (AMC 10 B 2016 #16). The sum of an infinite geometric series is a positive number S, and

the second term in the series is 1. What is the smallest possible value of S?

1+V5
2

Problem 13 (2003 AMC 10B #24). The first four terms in an arithmetic sequence are = + y, = — y, zy,
and %, in that order. What is the fifth term?

(A) B)2 (CO)Vvs (D)3 (BE)4

@ -2 ®-: ©o0 ML ®2

Problem 14 (AoPS Volume 2). Find all values of k such that #* — (3k + 4)22 + k% = 0 has 4 real roots in
arithmetic progression.

Problem 15 (Aops Int Alg). In a certain arithmetic progression, the ratio of the sum of the first r terms
to the sum of the first s terms is r?/s? for any 7 and s. Find the ratio of the 8" term to the 23 term.

Problem 16 (AoPS Volume 2). Let a sequence {u,,} be defined by u; = 5 and the relation
Upt1 — Up =3+ 4(n — 1),
n=1223,....
If u,, is expressed as a polynomial in n, what is the algebraic sum of its coefficients?

Problem 17 (2020 AMC 10A #21). There exists a unique strictly increasing sequence of nonnegative

integers a1 < as < ... < ag such that

2289 + 1
——— = 2% 4 292 | 4 2%,
71 + + +

What is k7

(A) 117 (B) 136 (C) 137 (D) 273  (E) 306

Problem 18. Suppose we have four real numbers a, b, ¢, d such that a is nonzero, a,b, ¢ form a geometric
sequence, in that order, and b, ¢, d form an arithmetic sequence, in that order. Compute the smallest possible
value of <.

a

Problem 19. Define a sequence ag, a1, as, ... recursively by ag = 0,a; = 1 and a, 42 = a1 + xa, for each
n > 0 and some real number x. The infinite series

00
Qnp

10

n=0

Compute x.

Problem 20 (AIME 2022 #6). Find the number of ordered pairs of integers (a, b) such that the sequence
3,4,5,a,b,30,40,50 is strictly increasing and no set of four (not necessarily consecutive) terms forms an
arithmetic progression.

Problem 21 (AIME 1988 #13). Find a if a and b are integers such that 22 —x—1 is a factor of ax'”+bz1¢+1.
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