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Projective Lines

In our first problem, we recall some concepts about real projective geometry.
Classically, we do geometry in an affine space R®. However, as we will see
throughout this worksheet, working with a projective space PR has some advan-
tages.

The projective space PZ consists of ( n+ 1 )-tuples

[Zo 1« Xy
where not all the entries z; are equal to zero. Two points [zg : - - : x,] and
[yo : -+ : yp] are said to be equal in Pg if there exists a constant A # 0 for which
x; = \y; for each . For instance, in P4 we have [3:3:3] =[1:1:1]. The

number n is called the dimension of the real projective space.

In the first problem, we will determine whether points in projective spaces
are equal or not.
Problem 1.0: Are the points [0 : 1] and [0 : 2] equal in the projective space P% ?
Are the points [0 : 1] and [1 : 1] equal in the projective space PL ?
Are the points [1:2: 3] and [3: 6 : 9] equal in the projective space P3 ?

Solution 1.0:

Problem 1.1: How many points does the 0 -dimensional projective space have?
Meaning, how many points does P§ have?
Consider the function:
Is the function ¢ one-to-one?
Is the function ¢ onto?
What points does ¢ miss?

Solution 1.1:

Problem 1.2: Consider the function:

¢:R" = PE  givenby ¢(x1,...,2,) =[x1: 1y 1],



Is the function ¢ one-to-one?
Is the function ¢ onto?
If not, what points does ¢ miss?

Solution 1.2:

In mathematics, we write

X =AUB,
if the set X is the disjoint union of A and B. This means that every element
of X lies either in A or B but no element of X lies in both A and B. In symbols,
we can write X = AUB and AN B = 0.
For instance, we can write

R:=R™ U{0}uURT,

where R~ denotes strictly negative numbers and R*denotes strictly positive
numbers. However, the equality

{Ov 1, 2} = {Ov 1} U {Oa 2}

is not correct, as both sets contain zero. In this case, it is only correct to
write

{0,1,2} ={0,1} U {0,2}
Problem 1.3: From the previous problems, deduce that we can write
r=RTUPE!
Iterating the previous equality, conclude that there is an equality:
n=R"UR"!'U..-UR'LRC.

The points in P for which the last component z,, is zero, are called points
at infinity.

Solution 1.3:

A projective line in P is the set of points | zo : @1 : z2 | satisfying a linear
equation

Ao + A1z + Aoxe =0

where the \; are real parameters.
As we discussed above, all the points in P% whose last coordinate is 1 can be
considered as points in R%. The point [z : 21 : 1] corresponds to (zg,z1) € R®.



The intersection of a line with R? is called the affine part of the line. The
intersection of the line with the line at infinity are called the points at infinity.
For instance, the line

o + 1 +.’£2:0

in P3, has affine part (¢,£—1) in R? and the point [ 1: —1: 0 ] at infinity.
Problem 1.4: For the following projective lines, find their affine parts and their
points at infinity.

e The projective line zop = 0 in P3.
e The projective line zop = 1 in P3.
e The projective line x¢p + 2z1 + 2 = 0 in PQR.

e The projective line x5 = 0 in P3. This projective line is called the line at
infinity as all its points are at infinity.
Solution 1.4:

Two projective lines in P3 are said to have an affine intersection point, if
they share a common point in R2. Otherwise, we say that the lines intersect at
infinity.

Problem 1.5: For the following pairs of lines, decide whether they have
an affine intersection point or they intersect at infinity. In any case, find the
intersection point.

e The line 2y + 1 + 2o = 0 and the line g + 227 + 29 = 0.
e The line g — 1 + 22 = 0 and the line z¢g — 21 + 229 = 0.

e The line 3z¢g — 2x1 + 425 = 0 and the line 3zg — 221 + 5z = 0.

Solution 1.5:

Problem 1.6: Show that two projective lines in P,7? always intersect: either
at an affine point or at infinity. Can two lines intersect both at infinity and at
an affine point?

Solution 1.6:
Problem 1.7: Consider the projective line ¢; given by the equation

I0+£C1 +$2:0

in the projective space P3. Find all the projective lines £y for which ¢; and
{5 intersect only af infinity.



Solution 1.7:

Three points in P3 are said to be collinear if they lie in a projective line. For
instance, the points [1: —=1:0],[3: —4 : 1], and [0: 1 : —1] are distinct points in
P% that are collinear. Indeed, they all line in the projective line zg+x1 +x2 = 0.

Problem 1.8: Let (ag,a1), (bo,b1),(co,c1) be three collinear points in R2.
Show that the points [ag: a1 :1],[bo: b1 : 1], and [co : ¢1 : 1] are collinear in
P3.

Solution 1.8:

In R2, there are 4 possible ways that three lines can intersect, depending on
whether the lines are parallel or not. This is described in the following picture:

In PZ there are no parallel lines, so there are only two possibilities.
Problem 1.9: Show that three projective lines /1, f5, and /3 in P either satisfy:

e Their intersection is non-empty, i.e., £; N ¥y N {3 # (), or

e the three lines form a triangle, i.e., /1Nl =p,loN¥3 =¢q, and {1 Nl3 =7
for three different points p, ¢, and r in the projective space.
For each of the previous situation, find explicit lines ¢1,¢5, and ¢3. For
each explicit choice of the lines, find all the intersection points.

Solution 1.9:



Fractional Linear Transforms on P!

In this second part, we will define a very important class of maps on P!
called the fractional linear transforms. These maps will help us learn new things
about the geometry of the projective line. Before we get to the fractional linear
transforms, however, we will warm you up with two special subfamilies of the
fractional linear transforms. We begin with the linear transforms, then we
study the affine transforms which contain the linear transforms, and finally we
study the fractional linear transforms which includes both the linear and affine
transforms as special cases. I will now provide some prerequisite definitions.

A function on a set S refers to a function from S to itself. A bijection
on a set S refers to a bijection from S to itself. An ordered configuration of
points (referred to simply as a configuration hereafter) on .S is an ordered tuple (
Z1,...,x, ) of distinct elements in S. We will explore some types of bijections on
the real line R, and their effects on ordered configurations of points. (Everything
in this handout still works if you replace R with C).

1 Linear transforms

A linear transform on the real line R is a bijective function of the form L(x) = ax
(so we must have a #0 ). !

1. Find the inverse function of L(x) = ax. Conclude that every linear trans-
form is indeed a bijection on R.

2. Find all linear transforms L such that L(3) = 5.

Two configurations x = (z1,...,2,) and y = (y1,...,¥y,) on the real line R
are equivalent under linear transform if there is a linear transform L such that
L(xz;) =y; for all 1 <1 < r. In this case, we say L sends the configuation x to
the configuration y, and use a shorthand notation

Lx)=y, L(z1,...,2:)= W1, - Yr).
It is NOT suggested to view a configuration x as a vector in R” in this
packet’s setting.

I The terminology is not entirely standard. The concept of linear transformation in linear
algebra refers to a type of functions from R™ to R™. In the case of n = m = 1, a linear
transformation from R to R is a function of the form f(z) = az,a € R. However, this handout
will focus exclusively on bijections, so we do not allow a = 0 in our notion. We change the
name from linear transformation to linear transform to make the distinction.



2 Affine transforms

An affine transform on the real line R is a function A(z) = ax+b,a # 0. Similar
to before, two configurations on R are equivalent under affine transform if there
is an affine transform that sends one to another.

3. Find all affine transforms A such that A(1,2) = (7, 10).

4. Determine if the following pairs of configurations are equivalent under
affine transform.
(a) (0) and (1).
(b) (1,2,3,4) and (2,4, 6,8).
(c) (1,2,3,4) and (2,3,4,5).
(d) (0,1,2) and (0,1, 3).

5 (Summary question). Describe in words when two configurations on R are
equivalent under linear transform (resp. affine transform).

3 Projective line

We return to our study of the projective line.
We begin by extending every affine transform to a function on P! rather
than plain old R. More precisely, given a,b € R, a # 0, define

axr+b, x€R
Aapl) = {oo T =00

6. Verify that for a,b € R,a # 0, and (z,y) € R*\{(0,0)}, we have

Aap([z:y]) = [az + by = y].

4 Fractional linear transforms

A fractional linear transform is a function of the form

ar +b
F(z) = ——
(z) o d

7. Given a,b,c,d € R with ad — bc # 0, give a precise piecewise definition
of F(z) = %+ extended to a function on P'. Your definition may depend on

a,b,ec,d€R, ad—bc#0

cx+d
whether ¢ = 0.
From now on, we will refer to this function on P! as F T When
o]
we informally say "a fractional linear transform F(x) = %Is " we are really
referring to the function F a b } on PL. (The reason why we arrange them
c d

into a matrix will be clear later.)



8. Show that
F{a b]([x:y]):[ax+by:ca:+dy].
c d

This gives a uniform definition of F { o b1
c d }

9. Verify that F 10 () = = using Problem 22 . This is the identity
o 1]
transform.
Recall Fr ([ : y]) = [ax + by : cx + dy].

c d
10. Verify that the composition of two fractional linear transforms is still a
fractional linear transform.

. 1 - d —-b|
11. Verify that F{ 0 b } *Fadibc { e } F{ d —b } So a frac-

c d

tional linear transform is a bijection on P!, and the inverse of a fractional linear
transform is a fractional linear transform.
12. Show that every affine transform is a fractional linear transform by verifying

thatAa,b:F{a b :|

—C a

0 1

5 Fixed point and transitivity
Given a function f on a set S, a point z¢ € S is a fixed point of f if f (z¢) = xo.

13. Verify that a fractional linear transform F' is an affine transform if and
only if oo is a fixed point of F.

14. Verify that a fractional linear transform F' is a linear transform if and
only if both 0, co are fixed points of F.
15. Find a fractional linear transform that have exactly 1 fixed point. Find a
fractional linear transform that has infinitely many fixed point.

Two configurations on P! are equivalent under fractional linear transform if
there is a fractional linear transform that sends one to another.
An r-point configuration refers to a configuration with r points.

16. Show that every two 1-point configurations on R are equivalent under
linear transforms and ever two 2 -point configurations on R are equivalent under
affine transform.

17. Show that the only fractional linear transform that takes (00,0,1) to
(00,0, 1) is the identity.



18. Show that there is a fractional linear transform F' that takes (oco0,0,1)
to any given 3-point configuration ( @1, 2,23 ) on P'. Hint. You may assume
first that 1, x2, x3 # co.

19. Combine Q34 and Problem 35, conclude
(a) Every two 3-point configurations on P! are equivalent under fractional linear
transform.

(b) Given two 3 -point configurations x,y on R, there exists a unique fractional
linear transform F' such that F(x) =y.

(c) If F is a fractional linear transform that has at least three fixed points, then
F' is the identity.

The conclusions of this section can be succinctly summarized as: the group
of linear transforms are 1 -transitive on R\{0}, the group of affine transforms are
2 transitive on R, and the group of fractional linear transforms are 3-transitive
on P!, (We won’t dive in the concept of r-transitivity deeper.)

6 The Double Ratio

At the end of the last section, you proved that for any two 3-point configurations
on the projective line we get a unique fractional linear transformation sending
the first 3-point configuration to the second 3-point configuration. This allows
us to make the following definition:

Given three distinct points z1, 22, 23, we define the double ratio, denoted by

(Zv 21, 22, 23)3

to be the value of the *unique* fractional linear transformation that sends
(21,22, 23) to (1,0,00) on z.

20. Find an explicit formula for the double ratio, showing it is a fractional
linear transformation in z.

21. Prove that for any fraction linear transformation 7' we have

(T2, Tz, Tz, Tz3) = (2, 21, 22, 23)

21. For two 3-point configurations (21, 22, 23) and (w, w1, we, ws3), find a for-
mula for the fractional linear transformation that sends (21, 22, 23) to (w, w1, wa, w3).



