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A quant designs and implements mathematical models for the pricing of derivatives, assessment of risk, or
predicting market movements.

A mathematical model is a formula, equation, group of equations, or computational algorithm that attempts
to explain some type of relationship. For example, Einstein’s famous e=mc? is a model that describes the
relationship between energy and mass.

Quants implement models that focus on financial relationships. The derivatives for which quants design
models are financial instruments whose values depend on (or are determined by) the future value of some
quantity.

One concrete and ubiquitous example of a derivative is an equity call option (a call). Someone who buys a
call has purchased the future right to buy the specified company’s common shares/stocks, not at the market
price, but at the price stated in the option contract. The "European" call option gives you the right, but not
the obligation, to buy an underlying stock at a predetermined price (strike price K) on a certain date (expiry
date or maturity date T). The person who buys the option pays a small amount of money called a premium.
This premium is the option’s price or value. Its value is derived from the underlying stock’s price; hence it is
considered a "derivative" instrument.
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For a standard equity "European" call option, if the stock price rises above the strike price at the expiration
date, the buyer can make a profit by purchasing the stock at the lower strike price at that moment and selling
it at the higher market price.

1)What is your potential maximum loss on buying a call option?

2)What would be the set of possible gains on buying a call option? What is your potential maximum gain?
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3)You buy an European call option on Apple (AAPL) stock. Strike Price (denoted by K): $150, Option
Price or Premium (Cost): $5, Expiration: In 1 month. Calculate your net profit or loss at
expiration if the AAPL stock prices (St) is:

4)Based on what you did in question above, write the formula for net profit or loss at expiration for call option?

Net Profit or loss for Call Option =

5)Draw a graph with X-axis as AAPL stock prices and Y-axis as Net profit for the call option.

6)It’s January 1st. AAPL stock is currently trading at $155. You are looking at two different call options,
both with a $150 Strike Price:

Option A: Expires January 15th.
Option B: Expires July 15th.

Which option will be more expensive? Why?



7)You buy a call option with a strike price of $100 for a premium of $8. The option gives you the right to
buy 100 shares of the stock. What set of prices you would make a loss on the initial investment, but no
more?

8)American vs European Call Option:

a)The American call option gives the right but not an obligation to purchase an underlying asset at
any time up to a specified expiration date T for a specified strike price K. Not available in all
markets (e.g., India)

b)The European call option gives the right but not an obligation to purchase an underlying asset
only on a specified expiration date T for a specified strike price K.

Which will be more expensive to buy aka which option will charge more premium?

9)Payoff for a call option is defined as Max(St — K, 0) where St is the price of the underlying stock and K
is the strike price. Profit or Loss for a call option is defined as Max(St — K, 0) — Option Price/premium.

Example: A call option to purchase a stock A at $160 in October 2025 will have option payoff if option
exercised when stock price is $200 = Max (200-160,0) = $40

The option’s Payoff Diagram will look like below:
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Question: Suppose you are “seller” (also called “writer”) of the call option:

a) What will be the payoff formula look like from “Seller” perspective?

b) How will your payoff Diagram look like? (Hint: You will have opposite payoff)



10)Suppose you are “seller” (also called “writer”) of the call option:

a)Why will you sell the call option?

b)What is the set of your potential loss on selling a call option?

¢)What is the set of your potential gain on selling a call option?



Time Value of Money

11)If you were offered $100 today or $100 a year from now, which would be the better option and why?

O $100 today, because a dollar can be invested and earn interest over time, giving it potential earning
power.

O $100 today, because money is subject to inflation (rise in prices of goods and services over time), eating
away at the spending power of the currency over time, making it worth a lesser amount in the future.

O $100 today, because there is always the risk of not receiving the dollar in the future, whereas if you
hold the dollar now, you eliminate that risk.

O $100 a year from now, because you don’t want to pay additional taxes this year.

12)Future Value is the amount that an investment will be worth at a future date. What will be the future
value of $100 two years from now if interest rate is 10% compounded annually?

13)Present Value (PV) is the amount of money that should be invested today on compound interest to get
Future Value at future. It is the current worth of a future sum of money or stream of cash flows, given a
specified rate of return (also called a discount rate).

PV =FV / (1 + r/n)"(nt) , where PV is the Present Value, FV is the Future Value, r is the annual
interest rate (or discount rate), n is the number of compounding periods per year, t is the time in years.
The expression 1/(1+4r/n)"(nt) is also called “discount factor”

What will be the present value of 100$ received 2 years from now, if interest rate is 10% compounded
annually?

14)The value of any financial asset is determined by summing the present value of its future cash flows. You
gave a loan of $100 to a friend. Your friend will give you 5% interest on this $100 every 6 month for a
year. At the end of the year, you will also receive $100 back from your friend.

a)What will be your cash flows 6 months from now and at the end of 1 year?

b)You will make profit or loss depending on the current interest rate at which you could have invested
your money somewhere else. What is the present value of these cash flows assuming current
interest rate or discounting rate is 8% compounded annually? You made profit or loss? How
much?

¢)At what minimum price will you be ready to “sell” this loan to someone on the same day after
giving the loan of $100 to your friend?



15)Coming back to discounting factor 1/(1+4r/n)"(nt), what happens when the number of compounding
periods, n, becomes infinitely large? This leads to continuous compounding.

Given below rule,
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Rewrite the present value formula mentioned in 13 above, assuming continuous compounding:

PV = FV*e"( )

No Arbitrage Principle

16)You have two portfolios as below:

Portfolio 1: 2 kg
ketchup bottle

Portfolio 2: 4 half kg ketchup bottles

Select True/False: Ignoring the cost of packaging bottle, the price of Portfolio 1 should always be same as
price of portfolio 2.

17)Two economists are walking down the street when one of them points to a $100 bill on the ground. "Look,
a hundred-dollar bill!" the first economist exclaims. The second economist replies, "Nonsense. If it were
a real $100 bill, someone would have already picked it up". Who is right?

18)Imagine you buy a dozen cookies at a wholesaler like Costco for $3. You then sell them individually at a
neighborhood bake sale for $1 apiece, making a profit of $9. As soon as other people see your success,
they will do the same thing. Soon, many people will be buying cheap cookies from Costco and selling
them at the bake sale.
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a)Can this arrangement last forever? Why not?

b)The increased supply of cookies at the bake sale pushes the individual cookie price down. Select
True/False

¢)The increased demand at Costco may push the wholesale price up. Select True/False

d)Eventually, the individual price at the bake sale will fall until the profit is eliminated, accounting
for the effort and time it takes to transport and sell them. Select True/False

ARBITRAGE IN ACTION

NEIGHBBROOD
BAKE SALE

19)High Frequency Trading: Company XY7Z is listed on both the New York Stock Exchange (NYSE) and
the London Stock Exchange (LSE). For a brief moment, the stock trades for $140 on the NYSE and the
equivalent of $140.10 on the LSE. An arbitrageur with high-speed trading technology will automatically
buy the stock on the NYSE and simultaneously sell it on the LSE, locking in a 10-cent profit per share.
This happens in microseconds, on a massive scale, and with enormous trading volume.

Refer the illustration here and on next page:

What is the no-arbitrage state/outcome here?


https://claude.ai/public/artifacts/d646a556-aec0-469c-ac0c-57de5f6df26d

High-Frequency Trading
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No Arbitrage Principle basically, tells that there is no free lunch and if there is any, it will disappear soon.
Humans will quickly exploit any arbitrage opportunity, and their actions of buying and selling will force the
prices of the related assets to converge, making the arbitrage opportunity disappear. Pricing of financial
derivatives including options follows the no-arbitrage principle — we can create a portfolio of the underlying
asset and a risk-free bank deposit that exactly mimics the payoff of the derivative. For the market to be
in equilibrium (no-arbitrage), the price of the derivative must be identical to the price of the replicating
portfolio. We can derive the "fair" theoretical price of a derivative this way. This pricing approach does not
rely on subjective probabilities but on a fundamental market property.



What should be the option premium (price)?

Let’s say we have a European call option expiring in 3 months (t) with underlying stock prices S, strike price
K, and discounting rate r. We also know that the stock price can either have an upward movement to St1 4
or a downward movement to St.1, 4. How can we find the price (read premium or fair value) of this option?

We create a one-step binomial tree showing the two possibilities of the underlying stock prices. Inside each
node, we write the applicable stock price. Outside the node, we write the payoff or value of the option at
that node. So, the first UP node will have a payoff of Max(St+1, w — K, 0)=Cr.1,, while the DOWN node
will have the payoff of Max(St+1, 4 — K, 0) = Cri14

‘UP’ node payoff:
Cre1u= Max(Spy1,. — K, 0)

‘DOWN’ node payoff:
Cri10= Max(Sps1,4 — K, 0)

20)Select True/False: The value of option (Ct) currently will be: Present value of option payoff at UP node
+ Present value of option payoff at DOWN node = Cryqy * e (-rt) + Criga * e (-rt).

We cannot simply add the discounted payoffs of the two nodes without weighting them. Here we don’t know
the weights or probability of each scenario.

21)If the downward price St 1, 4 is less than the strike price (K),
a)The value of option payoff at DOWN node will be 0. Select True/False

b)The value of option currently (Cr) will be = Present value of option payoff at UP node = Crpyq,y *
e (-rt) . Select True/False



Method 1: Perfect Hedge Approach

Let’s assume you are selling this option.

22)In which node you will have an adverse outcome? Select one from below:
a)UP node: When underlying stock price increases

b)DOWN node: When underlying stock price decreases

23)How much money you will have to pay incase of an adverse outcome?

To protect yourself from this adverse outcome in future, you buy A number of underlying stocks now so that
the money you need to pay in case of adverse outcome can be compensated by the gain in underlying stock
price. This is called “hedging” your risks.

24)Select True/False: In UP node, the total value of your portfolio will be => A*St.y - Cri1,y

25)Select True/False: In DOWN node, the total value of your portfolio will be => A* Sty q - Cri1.4

26)The total value of your portfolio in either node/scenario should be equal to ensure you don’t lose any
money in future. Equate total values in 24 and 25 above to find the A number of underlying stocks you
need to buy now.

A = (Cri1u-Crr1a)/( ST1, u - ST21, )

So, A the number of underlying stocks we need to buy to hedge the call option we are selling is simply the
ratio of call option payoff difference and stock price difference in each node/scenario. This is also called
“hedge ratio”.

27)Select True/False: Your starting portfolio comprise of A number of underlying stocks you bought at the
start and the current option you sold at the start = A St - Crp

28)By purchasing appropriate number of stocks, we created a guaranteed payoff that does not change over
different outcomes. The growth of such a portfolio has to be same as risk free rate by the no-arbitrage
principle. Present values of your ending portfolio in either node should be same as value of your starting
portfolio. Use this information to derive the option price currently (Cr)

CT = A ST - [A*STJr], u - CT+17u] * eA(—I‘t)
Cr = AS7-[A%Sri1,a- Criral *e™(-1t)

10



For a numerical example, you can refer here.

29)Price a European call option using below one-step binomial tree and perfect hedge approach. Inside each
node, we write the applicable stock price. Ensure you find out the option payoff at each node, hedge
ratio and option price at the start.

K = 42, r=4% per annum, t=3 month
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https://claude.ai/public/artifacts/70b9ac3c-b68d-4a40-8797-a7ee029e3c31

Method 2: Replicating Portfolio Approach

Let’s say we have the same European call option expiring in 3 months (t) with underlying stock prices S,
strike price K, and discounting rate r. We also know that the stock price can either have an upward movement
to S141, u or a downward movement to St1 4. How can we find the price (read premium or fair value) of
this option?

‘UP’ node payoff:
CT+1,u= Max(ST+1,u - K, 0)

‘DOWN’ node payoftf:
Cri10= Max(Sgy1,4 — K, 0)

We create a one-step binomial tree showing the two possibilities of the underlying stock prices. Inside each
node, we write the applicable stock price. Outside the node, we write the payoff or value of the option at
that node. So, the first UP node will have a payoff of Max(St1, v — K, 0)=Cr. 1,y while the DOWN node
will have the payoff of Max(St4+1,4 — K, 0) = Cri14

We decide to replicate this European call option by combining together appropriate quantity of more basic
assets (A number of underlying stock & B amount of cash deposit in bank) available in the market.

The value of this replicating portfolio in UP and DOWN node will be equal to the respective option payoff in
the node:

UP Node: A. Sti1, 4 + Be™(rt) = Criqu
DOWN Node: A. ST*I, 4+ B.eA(rt) = CTJrl’d

30)Use above 2 equations to derive expression for (A number of underlying stock & B amount of cash deposit
in bank:

A= (Criiu-Cri14a)/(ST41, u-ST41,4 )

B=e"(-rt) * [( St+1,u * Cry1.a-St+1,a4 * Crr1,u )/( S1+1,u - S141,4 )]
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31)The option fair price is equal to the setup cost of the replicating portfolio otherwise that creates an
arbitrage. Value of the option at the start is simply the value of the replicating portfolio we began with:

=> Cp = ASt + B

Price a European call option using below one-step binomial tree and portfolio replication approach. Inside
each node, we write the applicable stock price. Ensure you find out the option payoff at each node, delta/hedge
ratio, cash deposit and option price at the start.

K = 42, r=4% per annum, t=3 month
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32)Is B negative or positive? What does its sign denote?
33)Now consider a multi step binomial tree. Are A and B dynamic, i.e., they change as the price of the
underlying stock moves?
a)Do we need to constantly adjust the number of shares A by buying or selling the underlying stock

in our replicating portfolio to keep our option pricing accurate and prevent arbitrage?

b)Do we need to constantly adjust the amount of cash deposits B in our replicating portfolio to keep
our option pricing accurate and prevent arbitrage?

Additional Reference: https://claude.ai/public/artifacts/fb7adf90-ec2f-4c77-bd35-4£359225bfd7
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