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Problem 1: Isogonal property. (a) Let P be a point outside of an ellipse £ with focal
points F7 and F5. Let X and Y be the two points of tangency between tangent lines
to E passing through P. Show that

LXPF = /Y PF,.

Solution:

(b) Let E be an ellipse inscribed in the triangle AAgA; As. Show that its foci F} and Fy
are isogonal conjugates, i.e., for each vertex A; it holds that ZA; 1A F| = ZA; 1 AiFy
(the addition for indices is performed mod 3).

Solution:

Problem 2. In the setup of problem 1(a), show that PF] is a bisector of the angle ZX F}Y.
Solution:

Problem 3. (a) Show that for any triangle AABC' three angle bisectors intersect at one
point I. Show that the same holds for the angle bisector of ZA and exterior angle
bisectors for /B and ZC, and they intersect at point 4.

Solution:
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(b)

Show that point [ is the center of the circle (the incircle) tangent to the sides of the
triangle at points Ay, By, Cy (A4; is on BC). Express distances A1 B and A;C' in terms
of the sides of the triangle.

Solution:

Show that points I4, I, I are centers of circles (the excircles) tangent to the lines
AB, BC, and C'A. For the excircle with center 1,4 tangent to the sides of the triangle
at points As, Bo, and Cy, express the lengths of A3B and A5C' in terms of the sides of
the triangle.

Solution:

Let P(Q be a chord of an ellipse passing through its focus Fi. Let R be the intersection
point of the tangent lines to the ellipse at P and (). Show that RF) is perpendicular
to PQ.

Solution:
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Conical sections.

Problem 4. A cone can be constructed by considering a plane «, a circle w on it with
center O, a perpendicular line ¢ to a passing through O, and an arbitrary point S on /.
Then the cone C' is a collection of the lines connecting S with points of w. These lines are
called rulings. Notice that the interior of the cone consists of two components.

(a) Consider a plane 7 intersecting all of its rulings and not parallel to oe. Show that such
a plane splits one of the components of the interior of the cone into two pieces, and for
each piece, there exists a sphere tangent to its boundary. Call these spheres v, and s,
and call their points of tangency with © by F; and Fs.

Solution:

(b) Consider a point X on the intersection of 7 with C. Let SX intersect v; and v, in
points Y7 and Y. Show that X F; = XY] and X F;, = XY5.

The spheres v; and 7, are called Dandelin spheres.

Solution:

(c) Conclude that the set 7 N C' is an ellipse in the plane 7.

Solution:
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Problem 5. Consider a plane m which is parallel to two of the rulings. Show that 7N C'is
a hyperbola by mimicking the argument from the previous problem.
Solution:

Problem 6. Now consider a plane 7 which is parallel to only one of the rulings. Let ~ be
a sphere inscribed into the upper half of the cone, and tangent to 7 at point F', such that S
belongs to the boundary of the chamber into which ~ is inscribed.

(a) Denote by ¢ the line of intersection of 7 with the plane o passing through the circle
vNC. Consider an arbitrary point X € 7 N C and let h be the perpendicular line to ¢
passing through X and contained in 7. Show that the angle between h and o is equal
to the angle between SX and o

Solution:

(b) Conclude that 7 N C' is a parabola.

Solution:

Problem 7. (a) Show that a plane section of an infinite cylinder is either a set of lines
(2 or 1), a circle, or an ellipse.

Solution:
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(b) Show that the locus of the midpoints of chords of an ellipse parallel to a fixed direction
is a chord passing through the center of the ellipse.

Solution:

Problem 8. In the context of Problem 4, consider a plane ¢ as in Problem 6 and let Z be
the projection of the point X on line £/ = 7 N o. Show that the ratio 22 is constant.

XZ
Solution:

We then conclude that an ellipse is also a locus of points X such that for a given point
F (focus) and a given line ¢ (directrix), the ratio 3% is equal to ¢ < 1. If £ > 1, one obtains
a hyperbola.

Problem 9. Using a straightedge and a compass, find the foci of a given ellipse.
Solution:
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Problem 10. A 2n-gon is circumscribed about a conic with a focus F. Its sides are colored
in black and white in an alternating pattern. Prove that the sum of the angles at which the
black sides are seen from F' equals 7.

Solution:

Problem 11. An ellipse is inscribed in a convex quadrilateral such that its foci lie on the
distinct diagonals of the quadrilateral. Prove that the products of the opposite sides are
equal.

Solution:



