ORMC AMC 10/12 258 WEEK 2: GEOMETRY

TRIANGLES

(1) Special Right Triangles.
A 45°-45°-90° right triangle always has sides with the ratios shown:

av2

a

A 30°-60°-90° right triangle always has sides with the ratios shown:

30-60-90 Triangle Ratio:  a: 2a:av3

30°
2a
aV3

60

a

(2) Similarity. Given two triangles AABC and ADEF, we have AABC ~ ADEF if:

Angle-Angle: /ZA=/D, /B=/FE
. ) |AB| |AC|
Side-Angle-Side: e T )
1 ANEeSIe DR T DR
.. . |AB| |BC| |AC|
de-Side—Side: - -
Side-Side-Side \DE| ~ |[EF| ~ |DF|

If AABC ~ ADEF, then:
|AB| |BC| |AC|
= = =k, LA=4D, /B=/E, /C=/F
|DE| |EF| |DF)| ’ ’ , £C
All corresponding lengths scale by k. The ratio of areas is
[ABC] 2
[DEF]

Triangle conventions for Items (3)—(7): AABC with |BC|=a, |CA| =b, |AB| = ¢, and circumradius R.
(3) Angle Bisector Theorem. In triangle AABC, let point D lie on segment BC so that segment

AD bisects angle ZBAC. Define m = |BD| and n = |DC| (so m +n = |BC| = a). Then

Date: September 2025.
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(4) Law of Sines.
a b c

= = = 2
sinA sinB sinC R

(5) Law of Cosines.
a? =b%+c® —2bccos A

(6) Heron’s Formula.

[ABC] = \/s(s — a)(s — b)(s — ¢), § = atbte

(7) Stewart’s Theorem. In AABC, let D lie on BC with |[BD| = n, |DC| = m so that m +n = a,
and let d = |[AD|. Then
22 ¥m+cin 7

mn.
m-+n

(8) Mass Points & Centroid. Work in triangle AABC. Assign masses ma, mp,mc at vertices
A, B, C, respectively. For points D on AB, E on BC, and F on CA placed on the sides, the

balancing relations are
|AC‘ o mp

ICB|  ma’
|AD| - mp |BE‘ - mqg |CF| - ma
[DB] ~ ma’ [EC]  mp’ [FAl  mco’
Centroid fact (medians). If D, E, F are the midpoints of BC,CA, AB, then the medians AD, BE,CF
concur at the centroid G, and on median AD we have

|AG|: |GD| =2:1.

mgo =ma +mp,



TRIANGLE PROBLEMS

(1) (2010 AMC 10B #7) A triangle has side lengths 10, 10, and 12. A rectangle has width 4 and area
equal to the area of the triangle. What is the perimeter of this rectangle?

(A)16 (B)24 (C)28 (D)32 (E)36

(2) (2018 AMC 10A #9) All of the triangles in the diagram below are similar to isosceles AABC, with
AB = AC. Each of the 7 smallest triangles has area 1, and AABC has area 40. What is the area
of trapezoid DBCE?

A

B C

(A)16 (B)18 (C)20 (D)22 (E) 24

(3) (2021 AMC 12B #11)
Triangle ABC has AB = 13, BC = 14 and AC = 15. Let P be the point on AC such that PC = 10.
There are exactly two points D and F on line BP such that quadrilaterals ABC'D and ABCFE are
trapezoids. What is the distance DE?

E

B 14 C

W2 ®ei (©F DI12i (B

(4) (2023 AMC 12A #11)
What is the degree measure of the acute angle formed by lines with slopes 2 and %?
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(A)30 (B)375 (C)45 (D)525  (E)60

(5) (2016 AMC 12A #12)
In AABC, AB =6, BC =7, and CA = 8. Point D lies on BC, and AD bisects ZBAC. Point E
lies on AC, and BE bisects ZABC. The bisectors intersect at F'. What is the ratio AF : F'D?

C
Ei %D
A B

(A)3:2 (B)5:3 (C)2:1 (D) 7:3 (E)5:2

(6) (2022 AMC 10B #20)
Let ABCD be a rhombus with ZADC = 46°. Let E be the midpoint of CD, and let F be the point
on BF such that AF' is perpendicular to BE. What is the degree measure of ZBFC?

(A)110 (B)111 (C)112 (D) 113 (E) 114

(7) (2021 AMC 12B #24)
Triangle ABC has side lengths AB = 11, BC' = 24, and C' A = 20. The bisector of ZBAC intersects
BC at D, and intersects the circumcircle of AABC at E # A. The circumcircle of ABED intersects
the line AB again at F' # B. What is CF?

(A)28 (B)20v2 (C)30 (D)32 (E)20V3



CIRCLES

(1) Central vs. Inscribed Angles. Let a circle have center O. Choose distinct points X,Y on the

circle, and let Z be any other point on the circle. Denote by XY the (minor) arc subtended by chord
XY. Then

/A=/XZY =LXY (inscribed), /B =/XOY = XY (central).

Hence,

LA =3 /B.

N

Angle A = 1/2 * Angle B

A is an inscribed angle, B is a central angle

(2) Thales’ Theorem. If AC is a diameter of a circle, then any angle subtending it is right:

AC diameter — ZABC = 90°.

N

(3) Equal Chords / Equal Arcs. Let a circle have center O. Choose distinct points A, B,C, D on

the circle, and let AB and CD be chords. Denote by AB and CD the (minor) arcs subtended by
those chords. Then

|AB| = |CD| < AB=CD.

Perpendicular—bisector fact. If M is the midpoint of chord AB, then OM L AB, so OM is the
perpendicular bisector of AB. Conversely, any radius that is perpendicular to a chord bisects that
chord.

In the figure: AB is the horizontal chord, M (tick marks) is its midpoint, and the red vertical
segment OM passes through O and satisfies OM 1 AB.
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(4) Tangent Basics. Let O be the center. Let P be a point outside the circle and line PT is tangent

to the circle at point T, then OT 1 PT. If PA and PB are tangent segments on the circle at points
A and B respectively, then

|PA| = |PB].
(5) Tangent—Chord Angle. The angle between a tangent and a chord equals half the measure of the
intercepted arc (and equals the inscribed angle subtending the same arc):

/(tangent, chord) = %inter(;q)gd arc.

X

(6) Power of a Point. Let a circle be given and let P be a fixed point.
Chord—Chord (left figure). Chords AD and BC intersect at the interior point P. Then

|PA|-|PD| = |PB|-|PC|.
Secant—Secant (middle figure). From the external point P, one secant meets the circle at A
(nearer) and D (farther), and another secant meets at C' (nearer) and B (farther). Then
|PA|-|PD| = |PC|-|PB| (external x whole on each secant).

Tangent-Secant (right figure). From P, PA is tangent at A; a secant meets the circle at C' (nearer)
and B (farther). Then
|PAI> = |PC|-|PB].

X)),

B

= AD)

D B B



CIRCLE PROBLEMS

(1) (2014 AMC 8 #15)
The circumference of the circle with center O is divided into 12 equal arcs, marked the letters A
through L as seen below. What is the number of degrees in the sum of the angles z and y?

(A) 75 (B) 80 (C) 90 (D) 120 (E) 150
(2) (2016 AMC 8 #23)
Two congruent circles centered at points A and B each pass through the other circle’s center. The

line containing both A and B is extended to intersect the circles at points C' and D. The circles
intersect at two points, one of which is E. What is the degree measure of ZCED?

(A)90 (B)105 (C)120 (D) 135  (E) 150

(3) (2019 AMC 10A #13)
Let AABC be an isosceles triangle with BC' = AC and ZACB = 40°. Construct the circle with
diameter BC, and let D and E be the other intersection points of the circle with the sides AC and
AB, respectively. Let F be the intersection of the diagonals of the quadrilateral BCDE. What is
the degree measure of ZBFC?
C

D

B E A

(A)90 (B)100 (C)105 (D) 110  (E) 120

(4) (2023 AMC 10A #13)
Abdul and Chiang are standing 48 feet apart in a field. Bharat is standing in the same field as far
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from Abdul as possible so that the angle formed by his lines of sight to Abdul and Chiang measures
60°. What is the square of the distance (in feet) between Abdul and Bharat?

48
A Q" C

B

(A) 1728 (B) 2601  (C) 3072 (D) 4608  (E) 6912

(5) (2011 AMC 12B #6)
Two tangents to a circle are drawn from a point A. The points of contact B and C divide the circle
into arcs with lengths in the ratio 2 : 3. What is the degree measure of ZBAC?

(A)24  (B)30 (C)36 (D)48 (E) 60

(6) (2020 AMC 10A #20)
Quadrilateral ABCD satisfies ZABC' = ZACD = 90°, AC = 20, and C'D = 30. Diagonals AC and
BD intersect at point E, and AE = 5. What is the area of quadrilateral ABCD?

(A) 330 (B) 340 (C) 350 (D) 360 (E) 370
(7) (2022 AMC 10B #20)
Let ABC'D be a rhombus with ZADC = 46°. Let E be the midpoint of CD, and let F be the point
on BFE such that AF' is perpendicular to BE. What is the degree measure of Z/BFC?
A B

46°

D E C

(A)110 (B)111 (C)112 (D)113 (E) 114
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CyCLIC QUADRILATERALS

(1) Definition / Identification. A quadrilateral is cyclic if all four vertices lie on a circle.
e Opposite angles sum to 180°:

LA+ £C =4B+ 4D = 180°

e When we draw the diagonals of a cyclic quadrilateral, we form four pairs of equal angles like
the pair shown below. These angles are equal because they are inscribed angles which subtend

D
C

B

the same arc. We have such a pair of equal angles for each side of the quadrilateral:
/ABD = Z/ACD /ACB = /ADB

/BAC = Z/BDC /ZCBD = /ZCAD

(2) Brahmagupta’s Formula (Area). For a cyclic quadrilateral with sides a, b, ¢, d:
b d
K=\e—ab-06-0k—d, s=""T8

(3) Ptolemy’s Theorem. For any cyclic quadrilateral ABC'D (vertices in order) with diagonals AC
and BD,

|AC|-|BD| = |AB|-|CD| + |BC|-|AD|.

A

C

Proof. Because ZADB = /ACB, choose a point E € BD so that ZDAE = ZCAB. Then
ADAFE ~ ACAB. Also,

/LBAE = /BAD — /DAE = /BAD — ZCAB = Z/DAC,

and ZABE = ZACD, so NAABE ~ NACD.
From ADAE ~ ACAB we get

|BC| |ED|

—_— = BC|-|AD| = |AC|- |ED|.

1 = TAD |BC| - |AD| = |AC] - |ED
From ANABE ~ ANACD we get

|AB|  |AC|

= AB|-|CD|=|AC|- |BE]|.
5~ jcp] — API-IoDI=14Cl|BE]
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Adding these equalities yields
|AB|-|CD| + |BC|- |AD| = |AC| - (|BE| + |ED|) = |AC| - |BD],

which is the desired identity. [

CycLIC QUADRILATERAL PROBLEMS

Problem 1 (ASHME 1967). In quadrilateral ABC'D with diagonals AC' and BD intersecting at O, BO = 4,
OD =6, A0 =8, 0C =3, and AB = 6. Find AD.

Problem 2 (SMT 2021). Let BC be a diameter of a circle with center O and radius 4. Point A is on the
circle such that ZAOB = 45. Point D is on the circle such that line segment OD intersects line segment
AC at E and OD bisects ZAOC. Compute the area of ZADE, which is enclosed by line segments AE and
ED and minor arc AD.

Problem 3 (2024 AMC 12A). Cyclic quadrilateral ABC'D has lengths BC = CD = 3 and DA = 5 with
ZCDA = 120°. What is the length of the shorter diagonal of ABC D?

31 33 39 41
A) — B) — C) 5 D) — E) —
w2 ®»% ©s o2 m
Problem 4 (2022 AMC 10A). Quadrilateral ABC'D with side lengths AB =7, BC = 24,CD = 20, DA = 15

is inscribed in a circle. The area interior to the circle but exterior to the quadrilateral can be written in the
form 2=t where a, b, and ¢ are positive integers such that a and ¢ have no common prime factor. What is

a-+b+c?

(A) 260 (B)855 (C)1235 (D) 1565  (E) 1997

Problem 5 (2018 AMC 12A). Triangle ABC is an isosceles right triangle with AB = AC' = 3. Let M be
the midpoint of hypotenuse BC. Points I and E lie on sides AC and AB, respectively, so that Al > AE
and AIMFE is a cyclic quadrilateral. Given that triangle EM 1T has area 2, the length C'I can be written as

“%/E, where a, b, and ¢ are positive integers and b is not divisible by the square of any prime. What is the
value of a + b+ ¢?

(A)9 (B)10 (C)11 (D)12 (E)13

Problem 6 (2010 AMC 12B). Let ABCD be a cyclic quadrilateral. The side lengths of ABCD are distinct
integers less than 15 such that BC - CD = AB - DA. What is the largest possible value of BD?
325 389 425 533
W2 ®BVIs  (©y S S ® %
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Problem 7 (2021 AMC 12B). Let ABCD be a parallelogram with area 15. Points P and @ are the
projections of A and C, respectively, onto the line BD; and points R and S are the projections of B and D,
respectively, onto the line AC. See the figure, which also shows the relative locations of these points.

Suppose PQ = 6 and RS = 8, and let d denote the length of BD, the longer diagonal of ABCD. Then
d? can be written in the form m + n./p, where m,n, and p are positive integers and p is not divisible by the
square of any prime. What is m + n + p?

(A)81 (B)8 (C)97 (D) 105 (E) 113
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