
Combinatorics Solutions

August 24 2025

1 Warm-up Exercises

1. Find number of diagonals that can be drawn in a polygon of 100 sides.

Each diagonal has its two endpoints as vertices of the 100-gon. Each
pair of vertices determines exactly one diagonal. Therefore the answer
should be

(
100
2

)
= 4950. However this also counts the 100 sides of the

polygon, so the actual answer is 4950− 100 = 4850 .

2. One thousand unit cubes are fastened together to form a large cube with
edge length 10 units; this is painted and then separated into the original
cubes. Find the number of these unit cubes which have at least one face
painted.

The total number of cubes is 103 or 1000. Because each surface of the large
cube is one cube deep, the number of the unpainted cubes is 83 = 512,
since we subtract two from the side lengths of the cube itself, and cube it
to find the volume of that cube. So there are 1000 − 512 = 488 cubes
that have at least one face painted.

3. A fair die is rolled six times. What is the probability of rolling at least a
five at least five times?

The probability of rolling at least a five on any one roll is 2
6 = 1

3 . If

there are exactly 5 fives or sixes rolled, there are
(
6
5

)
= 6 ways to pick

which of the rolls are the fives and sixes, and so the probability in this

case is 6
(
1
3

)5 ( 2
3

)
= 12

729 . If there are exactly 6 fives or sixes rolled, then
there is only one way to pick which of the rolls are fives and sixes, so the

probability in this case is
(
1
3

)6
= 1

729 .

Therefore, the total probability is 12
729 + 1

729 =
13

729
.

4. How many whole numbers between 100 and 400 contain the digit 2?
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This is a very common type of counting problem that you’ll see quite
often. Doing this the simple way would take too long, and might even
make lots of mistakes.

If you’ve ever learned about complementary counting, this would be the
best time to utilize it. Instead of counting how many DO have 2’s, why
don’t we count how many that DON’T?

So let’s find the number of numbers. Obviously, we’d start by subtracting
100 from 400, getting us 300, but we’re not done. Since just subtracting
includes the number 400, we must subtract one (because 400 isn’t allowed
- it says between), getting us 299.

So how many numbers are there that DON’T have a 2? Well, we have
2 possibilities for the hundreds digit (1, 3, note that 2 is not allowed), 9
possibilities for the tens digit (1, 3, 4, 5, ... , 9, 0), and 9 possibilities for
the ones digit. 2× 9× 9 = 162. However, one of the numbers we counted
is 100, which isn’t allowed, so there are 162− 1 = 161 numbers without a
2.

Since there are 299 numbers in total and 161 that DON’T have any 2’s,
299− 161 = 138 numbers WILL have at least one two.

5. The 120 permutations of AHSME are arranged in dictionary order as if
each were an ordinary five-letter word. What is the last letter of the 86th
word in this list?

We can do this problem without having to list out every single combi-
nation. There are 5 distinct letters, so therefore there are 5! = 120 ways
to rearrange the letters. We can divide the 120 different combinations
into 5 groups. Words that start with A, words that start with E and
so on... Combinations 1-24 start with A, combinations 25-48 start with
E, combinations 49-72 start with H, combinations 73-96 start with M ,
and combinations 97-120 start with S. We are only concerned with com-
bination 86, so we focus on combinations 73-96. We can divide the re-
maining 24 combinations into 4 groups of 6, based upon the second letter.
Combinations 73-78 begin with MA, combinations 79-84 begin with ME,
combinations 85-90 begin with MH, and combinations 91-96 begin with
MS. Combination 86 begins with MH. Now we can fill in the rest of the
letters in alphabetical order and get MHASE (as 85 is MHAES). The

last letter of the word is E, so the answer is E .

6. Ten balls numbered 1 to 10 are in a jar. Jack reaches into the jar and
randomly removes one of the balls. Then Jill reaches into the jar and
randomly removes a different ball. What is the probability that the sum
of the two numbers on the balls removed is?

For the sum of the two numbers removed to be even, they must be of
the same parity. There are five even values and five odd values.
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No matter what Jack chooses, the number of numbers with the same parity
is four. There are nine numbers total, so the probability Jill chooses a

number with the same parity as Jack’s is
4

9

7. A box contains 2 pennies, 4 nickels, and 6 dimes. Six coins are drawn
without replacement, with each coin having an equal probability of being
chosen. What is the probability that the value of coins drawn is at least
50 cents?

Each of the
(
12
6

)
= 924 possible combinations of 6 coins is equally likely

to be selected.

If 6 dimes are selected, the total will be 60 cents. There is only
(
6
6

)
= 1

way to select 6 dimes.

If 5 dimes are selected, the total will be more than 50 cents. There are(
6
5

)
= 6 ways to select the dimes, and

(
6
1

)
= 6 ways to select the other

coin, for a total of 6 · 6 = 36 ways to select 5 dimes and 1 other coin.

If 4 dimes are selected, the total will be at least 50 cents if and only if the
other 2 coins are both nickels. There are

(
6
4

)
= 15 ways to select 4 dimes

and
(
4
2

)
= 6 ways to select 2 nickels, for a total of 15 ·6 = 90 ways to select

4 dimes and 2 nickels.

If 3 or fewer dimes are selected, the total will be less than 50 cents.

Therefore, there are 1 + 36 + 90 = 127 ways to select 6 coins with a total

of at least 50 cents, so the probability is
127

924
.

2 Examples

1. 12 students sit in a row, and each one raises either their left hand or right
hand. How many ways can exactly 5 students raise their right hand? 8
students?

This is simply

(
12

5

)
= 792 and

(
12

8

)
= 495 , respectively, by defi-

nition.

2. Find the coefficient of x7 in (1 + x)12 . What about the coefficient of x4?

(Hint: can you see how this problem is similar to the previous one? This
explains the connection between binomial coefficients and combinations.)

By the binomial theorem, we get

(
12

7

)
= 792 and

(
12

4

)
= 495 re-

spectively.
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3. In a town of 351 adults, every adult owns a car, motorcycle, or both. If
331 adults own cars and 45 adults own motorcycles, how many of the car
owners do not own a motorcycle?

By the principle of inclusion-exclusion, we have 351 = 331 + 45 − x =⇒
x = 25. Therefore, 25 people own both a car and a motorcycle. Therefore,
331− 25 = 306 car owners do not own a motorcycle.

4. Pat is to select 6 cookies from a tray containing only chocolate chip, oat-
meal, and peanut butter cookies. There are at least 6 of each of these 3
kinds of cookieson the tray. How many different assortments of 6 cookies
can be selected?

Case 1: 1 type of cookie - 3 ways

Case 2: 2 types of cookies - 3 ways to choose the 2 types of cookies, and
5 ways to choose how of each there are:

1 and 5

2 and 4

3 and 3

4 and 2

5 and 1

3 ∗ 5 = 15 cases for case 2

Case 3: 3 types of cookies - quick examination shows us that the only
ways to use all three cookies are the following:

4, 1, 1: this gives us 3!
2!∗1! = 3 ways

3, 2, 1: this gives us 3! = 6 ways

2, 2, 2: this gives us 1 way

total of 10 cases for this case 10 + 15 + 3 = 28 total

3 Exercises (Important Identities)

1. Note that the LHS is simply the binomial expansion of (1 + 1)n, which is
clearly 2n.

2. Again, the LHS is simply the binomial expansion of (1 − 1)n, which is
clearly 0.

3. Note that (n−1)!
k!(n−k−1)! +

(n−1)!
(k−1)!(n−k)! =

(n−1)!(k−1)!(n−k)!+(n−1)!k!(n−k−1)!
k!(n−k−1)!(k−1)!(n−k)! =

n!
k!(n−k)! , as desired.

Remark: this is Pascal’s triangle!
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4 Exercises (Practice Problems)

1. There are 20 students participating in an after-school program offering
classes in yoga, bridge, and painting. Each student must take at least one
of these three classes, but may take two or all three. There are 10 students
taking yoga, 13 taking bridge, and 9 taking painting. There are 9 students
taking at least two classes. How many students are taking all three classes?

The total number of classes taken among the 20 students is 10+13+9 = 32.
Each student is taking at least one class so let’s subtract the 20 classes
( 1 per each of the 20 students) from 32 classes to get 12. 12 classes is
the total number of extra classes taken by the students who take 2 or 3
classes. Since we know that there are 9 students taking at least 2 classes,
there must be 12− 9 = 3 students that are taking all 3 classes.

2. Pat wants to buy four donuts from an ample supply of three types of
donuts: glazed, chocolate, and powdered. How many different selections
are possible?

Let’s use stars and bars. Let the donuts be represented by Os. We wish to
find all possible combinations of glazed, chocolate, and powdered donuts
that give us 4 in all. The four donuts we want can be represented as
OOOO. Notice that we can add two ”dividers” to divide the group of
donuts into three different kinds; the first will be glazed, second will be
chocolate, and the third will be powdered. For example, O|OO|O repre-
sents one glazed, two chocolate, and one powdered. We have six objects in
all, and we wish to turn two into dividers, which can be done in

(
6
2

)
= 15

ways. Our answer is hence 15 . Notice that this can be generalized to get
the stars and bars (balls and urns) identity.

3. Many states use a sequence of three letters followed by a sequence of three
digits as their standard license-plate pattern. Given that each three-letter
three-digit arrangement is equally likely, the probability that such a license
plate will contain at least one palindrome (a three-letter arrangement or a
three-digit arrangement that reads the same left-to-right as it does right-

to-left) is
m

n
, where m and n are relatively prime positive integers. Find

m+ n.

Consider the three-digit arrangement, aba. There are 10 choices for a
and 10 choices for b (since it is possible for a = b), and so the proba-
bility of picking the palindrome is 10×10

103 = 1
10 . Similarly, there is a 1

26
probability of picking the three-letter palindrome.

By the Principle of Inclusion-Exclusion, the total probability is 1
26 +

1
10 −

1
260 = 35

260 = 7
52 . Thus: 7 + 52 = 59

4. Call a number ”prime-looking” if it is composite but not divisible by 2, 3,
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or 5. The three smallest prime-looking numbers are 49, 77, and 91. There
are 168 prime numbers less than 1000. How many prime-looking numbers
are there less than 1000?

The given states that there are 168 prime numbers less than 1000, which
is a fact we must somehow utilize. Since there seems to be no easy way to
directly calculate the number of ”prime-looking” numbers, we can apply
complementary counting. We can split the numbers from 1 to 1000 into
several groups: {1}, {numbers divisible by 2 = S2}, {numbers divisible by 3 = S3},
{numbers divisible by 5 = S5}, {primes not including 2, 3, 5}, {prime− looking}.
Hence, the number of prime-looking numbers is 1000 − (168 − 3) − 1 −
|S2 ∪ S3 ∪ S5| (note that 2, 3, 5 are primes).

We can calculate S2 ∪ S3 ∪ S5 using the Principle of Inclusion-Exclusion:
(the values of |S2| . . . and their intersections can be found quite easily)

|S2 ∪S3 ∪S5| = |S2|+ |S3|+ |S5| − |S2 ∩S3| − |S3 ∩S5| − |S2 ∩S5|+ |S2 ∩
S3 ∩ S5|¡br /¿= 500 + 333 + 200− 166− 66− 100 + 33 = 734

Substituting, we find that our answer is 1000− 165− 1− 734 = 100 .

5. Find the number of subsets of {1, 2, 3, 4, 5, 6, 7, 8} that are subsets of nei-
ther {1, 2, 3, 4, 5} nor {4, 5, 6, 7, 8}.

The number of subsets of a set with n elements is 2n. The total number of
subsets of {1, 2, 3, 4, 5, 6, 7, 8} is equal to 28. The number of sets that are
subsets of at least one of {1, 2, 3, 4, 5} or {4, 5, 6, 7, 8} can be found using
complementary counting. There are 25 subsets of {1, 2, 3, 4, 5} and 25 sub-
sets of {4, 5, 6, 7, 8}. It is easy to make the mistake of assuming there are
25+25 sets that are subsets of at least one of {1, 2, 3, 4, 5} or {4, 5, 6, 7, 8},
but the 22 subsets of {4, 5} are overcounted. There are 25 + 25 − 22 sets
that are subsets of at least one of {1, 2, 3, 4, 5} or {4, 5, 6, 7, 8}, so there
are 28 − (25 + 25 − 22) subsets of {1, 2, 3, 4, 5, 6, 7, 8} that are subsets of

neither {1, 2, 3, 4, 5} nor {4, 5, 6, 7, 8}. 28 − (25 + 25 − 22) = 196 .

6. When 7 fair standard 6-sided dice are thrown, the probability that the
sum of the numbers on the top faces is 10 can be written as

n

67
,

where n is a positive integer. What is n?

There are 3 ways to sum to 10, listed below:

4, 1, 1, 1, 1, 1, 1 :

(
7

6

)
= 7
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3, 2, 1, 1, 1, 1, 1 :

(
7

5

)(
2

1

)
= 42

2, 2, 2, 1, 1, 1, 1 :

(
7

4

)
= 35.

Add up the possibilities: 35 + 42 + 7 = 84 .

7.

8. Melinda has three empty boxes and 12 textbooks, three of which are math-
ematics textbooks. One box will hold any three of her textbooks, one will
hold any four of her textbooks, and one will hold any five of her text-
books. If Melinda packs her textbooks into these boxes in random order,
the probability that all three mathematics textbooks end up in the same
box can be written as m

n , where m and n are relatively prime positive
integers. Find m+ n.

The total ways the textbooks can be arranged in the 3 boxes is 12C3·9C4,
which is equivalent to 12·11·10·9·8·7·6

144 = 12 · 11 · 10 · 7 · 3. If all of the
math textbooks are put into the box that can hold 3 textbooks, there are
9!/(4! · 5!) = 9C4 ways for the other textbooks to be arranged. If all of
the math textbooks are put into the box that can hold 4 textbooks, there
are 9 ways to choose the other book in that box, times 8C3 ways for the
other books to be arranged. If all of the math textbooks are put into the
box with the capability of holding 5 textbooks, there are 9C2 ways to
choose the other 2 textbooks in that box, times 7C3 ways to arrange the
other 7 textbooks. 9C4 = 9 · 7 · 2 = 126, 9 · 8C3 = 9 · 8 · 7 = 504, and
9C2 · 7C3 = 9 · 7 · 5 · 4 = 1260, so the total number of ways the math text-
books can all be placed into the same box is 126+504+1260 = 1890. So,

the probability of this occurring is (9·7)(2+8+(4·5))
12·11·10·7·3 = 1890

27720 . If the numera-

tor and denominator are both divided by 9 · 7, we have (2+8+(4·5))
4·11·10 = 30

440 .
Simplifying the numerator yields 30

10·4·11 , and dividing both numerator and
denominator by 10 results in 3

44 . This fraction cannot be simplified any

further, so m = 3 and n = 44. Therefore, m+ n = 3 + 44 = 047 .

9. For some particular value of N , when (a+ b+ c+d+1)N is expanded and
like terms are combined, the resulting expression contains exactly 1001
terms that include all four variables a, b, c, and d, each to some positive
power. What is N?

All the desired terms are in the form axbyczdw1t, where x+y+z+w+t = N
(the 1t part is necessary to make stars and bars work better.) Since x, y, z,
and w must be at least 1 (t can be 0), let x′ = x−1, y′ = y−1, z′ = z−1,
and w′ = w− 1, so x′ + y′ + z′ +w′ + t = N − 4. Now, we use [[stars and

bars]] (also known as ball and urn) to see that there are
(
(N−4)+4

4

)
or

(
N
4

)
solutions to this equation. We notice that 1001 = 7 · 11 · 13, which leads
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us to guess that N is around these numbers. This suspicion proves to be
correct, as we see that

(
14
4

)
= 1001, giving us our answer of 14 .

10. Let D(n) denote the number of ways of writing the positive integer n as
a product

n = f1 · f2 · · · fk,

where k ≥ 1, the fi are integers strictly greater than 1, and the order in
which the factors are listed matters (that is, two representations that dif-
fer only in the order of the factors are counted as distinct). For example,
the number 6 can be written as 6, 2 · 3, and 3 · 2, so D(6) = 3. What is
D(96)?

Note that 96 = 25 · 3. Since there are at most six not necessarily dis-
tinct factors > 1 multiplying to 96, we have six cases: k = 1, 2, ..., 6. Now
we look at each of the six cases.

k = 1: We see that there is 1 way, merely 96.

k = 2: This way, we have the 3 in one slot and 2 in another, and symmetry.
The four other 2’s leave us with 5 ways and symmetry doubles us so we
have 10.

k = 3: We have 3, 2, 2 as our baseline. We need to multiply by 2 in 3
places, and see that we can split the remaining three powers of 2 in a
manner that is 3 − 0 − 0, 2 − 1 − 0 or 1 − 1 − 1. A 3 − 0 − 0 split has
6 + 3 = 9 ways of happening (24 − 2 − 2 and symmetry; 2 − 3 − 16 and
symmetry), a 2− 1− 0 split has 6 · 3 = 18 ways of happening (due to all
being distinct) and a 1 − 1 − 1 split has 3 ways of happening (6 − 4 − 4
and symmetry) so in this case we have 9 + 18 + 3 = 30 ways.

k = 4: We have 3, 2, 2, 2 as our baseline, and for the two other 2’s, we
have a 2−0−0−0 or 1−1−0−0 split. The former grants us 4+12 = 16
ways (12− 2− 2− 2 and symmetry and 3− 8− 2− 2 and symmetry) and
the latter grants us also 12 + 12 = 24 ways (6− 4− 2− 2 and symmetry
and 3− 4− 4− 2 and symmetry) for a total of 16 + 24 = 40 ways.

k = 5: We have 3, 2, 2, 2, 2 as our baseline and one place to put the last
two: on another two or on the three. On the three gives us 5 ways due to
symmetry and on another two gives us 5 · 4 = 20 ways due to symmetry.
Thus, we have 5 + 20 = 25 ways.

k = 6: We have 3, 2, 2, 2, 2, 2 and symmetry and no more twos to multiply,
so by symmetry, we have 6 ways.

Thus, adding, we have 1 + 10 + 30 + 40 + 25 + 6 = (A) 112 .

11. Given that

1
2!17! +

1
3!16! +

1
4!15! +

1
5!14! +

1
6!13! +

1
7!12! +

1
8!11! +

1
9!10! =

N
1!18!
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find the greatest integer that is less than N
100 .

Multiplying both sides by 19! yields:

19!

2!17!
+

19!

3!16!
+

19!

4!15!
+

19!

5!14!
+

19!

6!13!
+

19!

7!12!
+

19!

8!11!
+

19!

9!10!
=

19!N

1!18!
.

(
19

2

)
+

(
19

3

)
+

(
19

4

)
+

(
19

5

)
+

(
19

6

)
+

(
19

7

)
+

(
19

8

)
+

(
19

9

)
= 19N.

Recall the combinatorial identity 219 =
∑19

n=0

(
19
n

)
. Since

(
19
n

)
=

(
19

19−n

)
,

it follows that
∑9

n=0

(
19
n

)
= 219

2 = 218.

Thus, 19N = 218−
(
19
1

)
−
(
19
0

)
= 218−19−1 = (29)2−20 = (512)2−20 =

262124.

So, N = 262124
19 = 13796 and

⌊
N
100

⌋
= 137 .

12. A club consisting of 11 men and 12 women needs to choose a committee
from among its members so that the number of women on the committee
is one more than the number of men on the committee. The committee
could have as few as 1 member or as many as 23 members. Let N be
the number of such committees that can be formed. Find the sum of the
prime numbers that divide N.

Let k be the number of women selected. Then, the number of men not
selected is 11 − (k − 1) = 12 − k. Note that the sum of the number of
women selected and the number of men not selected is constant at 12.
Each combination of women selected and men not selected corresponds to
a committee selection. Since choosing 12 individuals from the total of 23
would give k women and 12− k men, the number of committee selections
is

(
23
12

)
. The answer is 081 .

13. In a sequence of coin tosses, one can keep a record of instances in which a
tail is immediately followed by a head, a head is immediately followed by
a head, and etc. We denote these by TH, HH, and etc. For example, in
the sequence TTTHHTHTTTHHTTH of 15 coin tosses we observe that
there are two HH, three HT, four TH, and five TT subsequences. How
many different sequences of 15 coin tosses will contain exactly two HH,
three HT, four TH, and five TT subsequences?

Let’s consider each of the sequences of two coin tosses as an [[operation]]
instead; this operation takes a string and adds the next coin toss on (eg,
THHTH + HT = THHTHT). We examine what happens to the last coin
toss. Adding HH or TT is simply an [[identity]] for the last coin toss, so

9



we will ignore them for now. However, adding HT or TH switches the last
coin. H switches to T three times, but T switches to H four times; hence
it follows that our string will have a structure of THTHTHTH.

Now we have to count all of the different ways we can add the identities
back in. There are 5 TT subsequences, which means that we have to add 5
T into the strings, as long as the new Ts are adjacent to existing Ts. There
are already 4 Ts in the sequence, and since order doesn’t matter between
different tail flips this just becomes the ball-and-urn argument. We want
to add 5 balls into 4 urns, which is the same as 3 dividers; hence this gives(
5+3
3

)
= 56 combinations. We do the same with 2 Hs to get

(
2+3
3

)
= 10

combinations; thus there are 56 · 10 = 560 possible sequences.

14. Each of the 2001 students at a high school studies either Spanish or French,
and some study both. The number who study Spanish is between 80 per-
cent and 85 percent of the school population, and the number who study
French is between 30 percent and 40 percent. Let m be the smallest num-
ber of students who could study both languages, and let M be the largest
number of students who could study both languages. Find M −m.

Let S be the percent of people who study Spanish, F be the number
of people who study French, and let S ∩ F be the number of students
who study both. Then ⌈80% · 2001⌉ = 1601 ≤ S ≤ ⌊85% · 2001⌋ = 1700,
and ⌈30% · 2001⌉ = 601 ≤ F ≤ ⌊40% · 2001⌋ = 800. By the Principle of
Inclusion-Exclusion,

S + F − S ∩ F = S ∪ F = 2001

For m = S ∩ F to be smallest, S and F must be minimized.

1601 + 601−m = 2001 =⇒ m = 201

For M = S ∩ F to be largest, S and F must be maximized.

1700 + 800−M = 2001 =⇒ M = 499

Therefore, the answer is M −m = 499− 201 = 298 .

15. A choir director must select a group of singers from among his 6 tenors
and 8 basses. The only requirements are that the difference between the
number of tenors and basses must be a multiple of 4, and the group must
have at least one singer. Let N be the number of different groups that
could be selected. What is the remainder when N is divided by 100?

Suppose that t tenors and b basses are selected. The requirements are
t ≡ b (mod 4) and (t, b) ̸= (0, 0).
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It follows that b′ = 8 − b basses are not selected. Since the ordered
pairs (t, b) and the ordered pairs (t, b′) have one-to-one correspondence,
we consider the ordered pairs (t, b′) instead. The requirements become
t ≡ 8 − b′ (mod 4) and (t, 8 − b′) ̸= (0, 0), which simplify to t + b′ ≡ 0
(mod 4) and (t, b′) ̸= (0, 8), respectively.

As t+ b′ ∈ {0, 4, 8, 12}, the total number of such groups is

N =

(
14

0

)
+

(
14

4

)
+

[(
14

8

)
− 1

]
+

(
14

12

)
=

(
14

0

)
+

(
14

4

)
+

[(
14

6

)
− 1

]
+

(
14

2

)
= 1 + 1001 + [3003− 1] + 91

= 4095

from which N ≡ 95 (mod 100).

5 Challenge Exercises

1. While watching a show, Ayako, Billy, Carlos, Dahlia, Ehuang, and Frank
sat in that order in a row of six chairs. During the break, they went to the
kitchen for a snack. When they came back, they sat on those six chairs
in such a way that if two of them sat next to each other before the break,
then they did not sit next to each other after the break. Find the number
of possible seating orders they could have chosen after the break.

There are 25 − 1 intersections that we must consider if we are to per-
form a PIE bash on this problem. Since we don’t really want to think
that hard, and bashing does not take that long for this problem, we can
write down half of all permutations that satisfy the conditions presented
in the problem in ”lexicographically next” order to keep track easily. We
do this for all cases such that the first ”person” is A − C, and multiply
by two, since the number of working permutations with D−F as the first
person is the same as if it were A−C, hence, after doing such a bash, we
get 45× 2 = 90 permutations that result in no consecutive letters being
adjacent to each other.

2. In a 6 x 4 grid (6 rows, 4 columns), 12 of the 24 squares are to be shaded so
that there are two shaded squares in each row and three shaded squares in
each column. Let N be the number of shadings with this property. Find
the remainder when N is divided by 1000.

Consider the first column. There are
(
6
3

)
= 20 ways that the rows could

be chosen, but without loss of generality let them be the first three rows.
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(Change the order of the rows to make this true.) We will multiply what-
ever answer we get by 20 to get our final answer.

Now consider the 3x3 that is next to the 3 boxes we have filled in. We
must put one ball in each row (since there must be 2 balls in each row and
we’ve already put one in each). We split into three cases:

1. All three balls are in the same column. In this case, there are 3 choices
for which column that is. From here, the bottom half of the board is fixed.

2. Two balls are in one column, and one is in the other. In this case, there
are 3 ways to choose which column gets 2 balls and 2 ways to choose which
one gets the other ball. Then, there are 3 ways to choose which row the
lone ball is in. Now, what happens in the bottom half of the board? Well,
the 3 boxes in the column with no balls in the top half must all be filled
in, so there are no choices here. In the column with two balls already, we
can choose any of the 3 boxes for the third ball. This forces the location
for the last two balls. So we have 3 · 2 · 3 · 3 = 54.

3. All three balls are in different columns. Then there are 3 ways to choose
which row the ball in column 2 goes and 2 ways to choose where the ball
in column 3 goes. (The location of the ball in column 4 is forced.) Again,
we think about what happens in the bottom half of the board. There is
1 ball in each of the columns 1, 2, and 3 now, so in the 3x3 where we still
have choices, each row and column has one square that is ”’not”’ filled
in. Similar to the upper 3x3, there are 6 ways to do this. So there are
3 · 2 · 6 = 36 ways.

Therefore there are 20(3 + 54 + 36) = 1860 different shadings, and the

solution is 860 .

3. Consider all 1000-element subsets of the set {1, 2, 3, ..., 2015}. From each
such subset choose the least element. The arithmetic mean of all of these
least elements is p

q , where p and q are relatively prime positive integers.
Find p+ q.

Let M be the desired mean. Then because

(
2015

1000

)
subsets have 1000

elements and

(
2015− i

999

)
have i as their least element, Using the defini-

tion of binomial coefficient and the identity n! = n · (n − 1)!, we deduce

that M = 2016
1001 = 288

143 . The answer is 431 .

4. The wheel shown below consists of two circles and five spokes, with a label
at each point where a spoke meets a circle. A bug walks along the wheel,
starting at point A. At every step of the process, the bug walks from
one labeled point to an adjacent labeled point. Along the inner circle the
bug only walks in a counterclockwise direction, and along the outer circle
the bug only walks in a clockwise direction. For example, the bug could
travel along the path AJABCHCHIJA, which has 10 steps. Let n be
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the number of paths with 15 steps that begin and end at point A. Find
the remainder when n is divided by 1000.

We divide this up into casework. The ”directions” the bug can go are
Clockwise, Counter-Clockwise, and Switching. Let an I signal going
clockwise (because it has to be in the ”inner” circle), an O signal going
counter-clockwise, and an S switching between inner and outer circles.
An example string of length fifteen that gets the bug back to A would be
ISSIIISOOSISSII. For the bug to end up back at A, the difference
between the number of I’s and O’s must be a multiple of 5.
Case 1: There are 15 more I’s than O’s. There is clearly 1 way for this to
happen.
Case 2: There are 5 more I’s than O’s. We split this case up into several
sub-cases based on the number of S’s.
Sub-case 1: There are 10 S’s and 5 I’s. Notice that the number of ways to
order the I’s and O’s are independent assortments because the I’s must
be in the ”even” spaces between S’s (i.e. before the 1st S, between the
2nd and 3rd S’s, etc.), while the O’s must be in the ”odd” spaces.

There are 6 places to put the I’s (after the 0th, 2nd, 4th, 6th, 8th, and
10th S’s), and 4 places to put the (0) O’s. We use stars and bars to get
an answer of

(
10
5

)(
4
0

)
Sub-case 2: There are 8 S’s, 6 I’s, and 1 O. Similarly and by using
stars and bars, we get an amount of

(
10
4

)(
4
1

)
All the other sub-cases are

similar, with a total of
(
10
5

)(
4
0

)
+

(
10
4

)(
4
1

)
+ · · ·+

(
10
1

)(
4
4

)
=

(
14
5

)
= 2002 by

Vandermonde’s Identity.
Case 3: There are 5 more O’s than I’s. This case is similar to the other
case. Here is an example of a sub-case for this case. Sub-case: There are
10 S’s and 5 O’s. There are

(
9
4

)(
5
0

)
ways to do this. We can see now that

the pattern is going to be
(
9
4

)(
5
0

)
+
(
9
3

)(
5
1

)
+ · · ·+

(
9
0

)(
5
4

)
=

(
14
4

)
= 1001.

So, the total number of ways is 1 + 2002 + 1001 = 3004 which gives 004
as the answer.
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