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ORMC AMC 10/12 Group
Week 3: Complex Numbers

October 15, 2023

Warm-up Exercises

. Write ﬁ in the form a + bi, where i = +/—1.

We are looking for a + bi so that (a + bi)(3 + 2i) = 1. So, we have: (3a — 2b) + (3b+ 2a)i = 1, which
means that 3a — 2b =1, 3b 4+ 2a = 0. Solving this gives us a = 3/v/13, b = —2/sqrt13

. Factor 2% + 1 into polynomials with real coefficients.

We can easily see that this is not going to have any real roots, because its graph never goes below 1,
since 24 > 0. So, the best we can do is factor it into quadratics. Since the 2* term has a coefficient of
1 and the constant term is 1, we are looking for a factorization of the form:

(22 +ar +1)(2? +br+1) =2* + (a + b)2® + (ab+ 2)2® + (a + bz + 1
So, we have a + b =0, ab = —2, which means that a = —b = —/2. This gives us the factorization:
(22 4+ V2z + 1) (2? — V2z + 1).

. Solve 3z + 4z = 12 — 54 for z.

Let z = a + bi. Then, 3z + 4% = 7a — bi = 12 — 54. This means ¢ = 12/7 and b = 5.

. Let S ="+~ ™, where n is an integer and i = /—1. Find the total number of possible distinct values

of S.

If we test a few values, we find 3 +i 9 =2,41 +i71=0,24+i2=-2 3 +i3=4¢"1+4 =0, and
it repeats from here. So there are only 3 values.

. Let i =+/—1. Find

1 B 1 B 1 112 +z’
1 1 - 1 1+1—-i 2-4i 5 ' 5
1+ —m 14 ——— 1+ VBB
1 1 7 1+z
1+ 2 2

. If i = +/—1, evaluate i + 202 + 3i3 + 4i* + - - - + 64454

The imaginary part is given by the odd terms, and itis 1 =3 +5—-7+... 461 —63=—-2-16 = —32.
The real part is given by the even terms, so it is —24+4 —6+8 — -+ — 62 + 64 = 32. So the sum is
32 — 32i.



2 Complex Number Basics

As you may already know, the complex numbers are what we get when we take the real numbers and add
i = v/—1. Every complex number is of the form z = a + bi, where a and b are real numbers. We call a the
real part of the number (written f(z) = a), and b the imaginary part (written &(2) = b).

One important operation to know is complex conjugation, which means negating the imaginary part
of the complex number. It is denoted as Z. So, if z = a + bi, then Z = a — bi. Another important property
of complex numbers is the modulus, or the “length” of the complex number. This is similar to euclidean
distance, and for z = a + bi, it is |z| = va% + b2. Notice also that |z|?> = z - Z. This is a very useful identity
to remember, since it is often useful to be able to change absolute value into basic multiplication.

We generally graph complex numbers in the cartesian plane, using the z-axis for the real part of the
number, and the y-axis for the imaginary part of the number.

Just like how we have polar coordinates when graphing 2-D real numbers, we also have a polar form for
complex numbers. As usual, we require a “radius”, which in this case is the modulus, and an “angle”, which
in this case is called the argument. The argument is the angle the complex number makes with the positive
real z-axis. For example, the argument in the diagram below is .

A

Im
! e¥ =cosp +isingp
sin @
O|cos I Re

Notice that the diagram above also shows the conversion from polar to cartesian representation of complex
numbers. Given the modulus r and argument @ of a complex number, its real part is r cos(¢) and its imaginary
part is rsin(p). We will come back to the e'? portion in next week’s worksheet.

3 Examples

1. Find all complex numbers z for which 2;:;;% =-30+1

2. Find the set of all complex numbers z such that z/Z is a real number, and the set for which z/Z is
pure-imaginary.

(a +bi)/(a — bi) = r(a + bi)?, for some real number r. From expanding this out, it is not hard to see
that (a + bi)? is pure imaginary when a = b, and it is pure real for a = —b

3. Let z be a complex number that satisfies z 4+ 6i = iz. Find z.



We have:

z+ 60 =1z
z—1z = —061
z(1 —i) = —6i
—617
T 1
—64(1 + 1)
(1-4)(1+1)

z

4. Find the area of the region enclosed by the graph of |z — 4 4 5i| = 2V/3.
The graph of |z — 4 + 5i| = 2¢/3 in the complex plane is a circle with a radius of 2v/3, and therefore

the area of the region is .



Exercises

. (1991 AHSME #18) Find the set of points z in the complex plane such that (3 + 4i)z is a real
number.

We want (3 + 4¢)z a real number, so we want the 44 term to be canceled out. Then, we can make z be
in the form (n — %mﬁ) to make sure the imaginary terms cancel out when it’s multiplied together.

. (1984 AHSME #10) Four complex numbers lie at the vertices of a square in the complex plane.
Three of the numbers are 1 4+ 27, —2 + 4, and —1 — 2i. Find the fourth number.

Perhaps the easiest way to attack this is to transfer this to the Cartesian plane. The points then would
be (1,2),(—2,1), and (—1,—2), assuming the real axis was horizontal. Let these points be A, B and C,
respectively. The remaining point is then the intersection of the following perpendicular lines: The one
perpenicular to AB and passing through A and the one perpendicular to BC and passing through C.
The slope of the first line is the negative reciprocal of the slope of the line through AB, which, using
the slope formula, is %, so the slope of the perpendicular line is —3. It passes through (1,2), so the
equation of the line in point slope form is y — 2 = —3(x — 1), or y = —3x + 5. Similarly, the slope of
the second line is =% = 1, and, since it passes through (—1, —2), its equation is y + 2 = %(:c +1), or

37 3
Yy = %x — % To find the intersection, we have -3z +5 =y = %17 — %, and solving for x yields x = 2.
Plugging this back into the equation yields y = —1, so the remaining point in the Cartesian plane is

(2,—1), and in the complex plane is 2 — i,@.

. (2009 AIME I #2) There is a complex number 2z with imaginary part 164 and a positive integer n
such that

= 41.
z+n

Find n.
Let 2z = a + 1644.
Then

a+164i

a+ 1647 +n

and

a+ 164i = (4i) (a +n + 1647) = 4i (a + n) — 656.
By comparing coefficients, equating the real terms on the leftmost and rightmost side of the equation,

we conclude that
a = —656.

By equating the imaginary terms on each side of the equation,

we conclude that
1647 = 4i(a+n) = 4i (—656 + n) .

We now have an equation for n:
44 (—656 + n) = 1644,

and this equation shows that n =697 |

. (2009 AMC 12A #15) For what value of n is i + 26 + 3i3 + - - + ni™ = 48 + 49i?

We know that ¢ cycles every 4 powers so we group the sum in 4s.

i+22+3%+4it=2—2i



5% +6i5 +7i" +8i° =2 —2i

We can postulate that every group of 4 is equal to 2 — 2i. For 24 groups we thus, get 48 — 48 as our
sum. We know the solution must lic near The next term is the 24 * 4 + 1 = 97th term. This term is

equal to 97i (first in a group of 4 so %7 = i) and our sum is now 48 +49i so n = 97 = \E is our answer

. (2004 AMC 12B #16) A function f is defined by f(z) = iZ, where i = v/—1 and Z is the complex
conjugate of z. How many values of z satisfy both |z| =5 and f(z) = 27

Let z = a + bi, so Z = a — bi. By definition, z = a + bi = f(z) = i(a — bi) = b+ ai, which implies that
all solutions to f(z) = z lie on the line y = x on the complex plane. The graph of |z| = 5 is a circle
centered at the origin, and there are 2 = (C) intersections.

. (1985 AIME #3) Find c if a, b, and c are positive integers which satisfy ¢ = (a + bi)® — 107i, where
i2 = —1.

Expanding out both sides of the given equation we have ¢ + 107i = (a® — 3ab?) + (3a?b — b3)i. Two
complex numbers are equal if and only if their real parts and imaginary parts are equal, so ¢ = a® — 3ab?
and 107 = 3a?b — b3 = (3a® — b?)b. Since a,b are integers, this means b is a divisor of 107, which is a
prime number. Thus either b = 1 or b = 107. If b = 107, 3a? — 107? = 1 so 3a? = 1072 + 1, but 1072 +1
is not divisible by 3, a contradiction. Thus we must have b = 1, 3a? = 108 so a?> = 36 and a = 6 (since
we know a is positive). Thus ¢ = 63 — 3-6 =|198].
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(2007 AMC 12 #18) The polynomial f(x) = x* + az® + bx? + cz + d has real coefficients, and
f(2d) = f(24¢) =0. Whatisa+b+c+d?

A fourth degree polynomial has four roots. Since the coeflicients are real(meaning that complex roots
come in conjugate pairs), the remaining two roots must be the complex conjugates of the two given
roots. By the factor theorem, our roots are 2 — i, —2¢. Now we work backwards for the polynomial:

(x—(2+1)(x — (2 —1))(x —2i)(z +2i) =0 (2% — 4z +5)(2® +4) = 0 2* — 42% + 922 — 162 +20 =0
Thus our answer is =449 — 16 +20 =9 (D).

(2019 AMC 12A #14) For a certain complex number ¢, the polynomial
P(z) = (x2 — 2z + 2)(;L'2 —cx + 4)(:102 —4x + 8)

has exactly 4 distinct roots. What is |c|?

The polynomial can be factored further broken down into

P(z)=(z —[1 —i])(z — [1 +i])(z — [2 — 2i])(z — [2 + 2i]) (2% — cx + 4)

by using the quadratic formula on each of the quadratic factors. Since the first four roots are all distinct,
the term (22 — cx + 4) must be a product of any combination of two (not necessarily distinct) factors
from the set: (z — [1 —14]), (x — [1 +1]), (x — [2 — 2i]), and (x — [2 + 2i]). We need the two factors to
yield a constant term of 4 when multiplied together. The only combinations that work are (z — [1 — i])
and (z —[2+21]), or (z —[1+474]) and (z — [2 — 2i]). When multiplied together, the polynomial is either

(22 + [-3 + i)z +4) or (22 4 [-3 — i]z + 4). Therefore, c =3+ i and |¢| =| (E) V10|

(1995 AIME #5) For certain real values of a,b,c, and d, the equation 2% + az® + bx? + cx +d =0
has four non-real roots. The product of two of these roots is 13 + ¢ and the sum of the other two roots
is 3 4 44, where ¢ = v/—1. Find b.

Since the coefficients of the polynomial are real, it follows that the non-real roots must come in complex
conjugate pairs. Let the first two roots be m,n. Since m + n is not real, m,n are not conjugates, so
the other pair of roots must be the conjugates of m,n. Let m’ be the conjugate of m, and n’ be the
conjugate of n. Then,

m-n=13+im +n' =3+4di=m' -0 =13—i,m+n=3—4i.

By Vieta’s formulas, we have that b = mm' + nn’ + mn' + nm’ + mn+ m/n’ = (m +n)(m’ +n') +

mn +m'n’ :

(2018 AMC 12A #22) The solutions to the equations 22 = 4 + 4v/15i and 22 = 2 + 2v/3i, where
i = /—1, form the vertices of a parallelogram in the complex plane. The area of this parallelogram
can be written in the form p,/q — r\/s, where p, ¢, r, and s are positive integers and neither ¢ nor s is
divisible by the square of any prime number. What is p + q + r + s?

We solve each equation separately:
2% =4+ 4+/15i Let z = a + bi for some real numbers a and b.
Substituting and expanding, we get

(a+bi)? =4+ 4V15i
(a® — b?) + 2abi = 4 + 4V/15i.
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Equating the real parts and the imaginary parts, respectively, we get

a? —b? =4, (1)
ab = 2V/15. (2)

We rearrange (1) and square (2) :
a® = b* + 4, (1%)
a?b? = 60. (2%)

Substituting (1x) into (2x), we obtain (b* 4 4)b*> = 60. Since b*> > 0 for all real numbers b, cither
inspection or factoring gives b? = 6. Substituting this into either (1x) or (2%) produces a? = 10. Since

ab > 0 from (2), we have (a,b) = (\/E, \/6) , (—\/ﬁ, —\/6) .

The solutions to z2 = 4 4+ 41/15i are z = v/10 + V61, —v/10 — /6.

22 = 2 + 21/3i By the same process, we have (a,b) = (\/§ 1) , (—\/5, —1) .
The solutions to 22 = 2 + 2v/3i are 2 = v/3 + R —/3 —i.

Note that the problem is equivalent to finding the area of a parallelogram with consecutive vertices
(Ilayl) = (\/ 107 \/6) 7(1‘2:y2) = (\/§a 1) 5 (I31y3) = (_ V1 a_\/é) ) and (354’94) = (_\/§, _1) in the

coordinate plane. By the Shoelace Theorem, the area we seek is

1
3 (2192 + T2y + T3ys + Tay1) — (Y122 + Yyow3 + Yz + yax1)| = 6V2 — 2V/10,
so the answer is 6 +2+2+10=|(A) 20|

(1994 AIME #38) The points (0,0), (a,11), and (b,37) are the vertices of an equilateral triangle.
Find the value of ab.

Consider the points on the complex plane. The point b+ 37¢ is then a rotation of 60 degrees of a + 114

about the origin, so:

(a+ 114) (cis 60°) = (a + 114) <% + @) = b+ 37i.

Equating the real and imaginary parts, we have:

hb=— — 1=
2 2
11 aV3

37 = — 4 —=
5 T3

Solving this system, we find that a = 21v/3,b = 5v/3. Thus, the answer is .
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14.

Two solutions of z* — 323 + 522 — 272 — 36 = 0 are pure imaginary numbers. Find these two solutions.

The two solutions that are pure imaginary numbers must be conjugates of each other. Therefore, they
must multiply out to be (22 + r?) for soem real number r. We can then see that =% + 522 — 36 and
—32% — 277 are divisible (22 4+ 9). Therefore these two solutions are +3i.

(2009 AMC 12B #23) A region S in the complex plane is defined by
S={z+iy:-1<zx<1,-1<y<1}

A complex number z = x + iy is chosen uniformly at random from S. What is the probability that
(% + %z) z is also in S7

We multiply z and (3 + 34) to get

3 .3
(72— g¥) + (gai+ 1yi).

Since we want to find the probability that this number is in .S, we need the real and complex coefficients
of this number to be less than or equal to 1 or greater than or equal to —1. This gives us the equations
3 3
—-1<-zx—-y<1

= 475 4y >
and

3 3
1< = —y <1.
_4x—|—4y_

Now, we see that we can solve this by graphing. We can graph our barriers —1 <z <land -1 <y <1
to form a 2 by 2 square centered at the origin. Graphing our two equations gives us the four lines

4
'r_y:g/
4
Jj—y:—§7
4
fEer:g,
4
w+y=—§.

The square that is formed is the region that satisfies these four equations. Now, the barriers and this
square gives us an octagon as the desired region. The area of this octagon is the total area of the square
minus the 4 small triangles on each corner, each with % area. Therefore, the octagon has area of %.
Finally, to find the probability of it working, we find the area of the octagon divided by the area of the

28
entire square which is - = g or @I

(2008 AMC 12B #19) A function f is defined by f(z) = (4+1)2? + az +~ for all complex numbers
2z, where o and 7 are complex numbers and 2 = —1. Suppose that f(1) and f(i) are both real. What
is the smallest possible value of |a| + |v| 7
f)=4+i+a+ry
i) =—4—i+a- it~y
Since f(1) and f(i) are both real we get,
a+vy=—1
Qi+ =1
Solving, we get &« = 1 — ¢, v can be anything, to minimize the value we set v = 0, so then the answer

is /12 + 12 = /2. Thus, the answer is
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(1992 AIME #10) Consider the region A in the complex plane that consists of all points z such that
both 5 and % have real and imaginary parts between 0 and 1, inclusive. What is the integer that is
nearest the area of A7

Lletz=a+bi — & =2+ %i. Since 0 < & L <1 we have the inequality

40 ~ 20 20° 40
0<a,b<40
which is a square of side length 40.
. 2 2 .
Also, 42’0 = % = a;‘fﬁz + %z so we have 0 < a,b < 2 26” , which leads to:

(a —20)% +b* > 20?
a® + (b —20)? > 202
We graph them:

(40,40)

To find the area outside the two circles but inside the square, we want to find the unique area of the
two circles. We can do this by adding the area of the two circles and then subtracting out their overlap.
There are two methods of finding the area of overlap:

1. Consider that the area is just the quarter-circle with radius 20 minus an isosceles right triangle with
base length 20, and then doubled (to consider the entire overlapped area)

2. Consider that the circles can be converted into polar coordinates, and their equations are r = 40sinf
and r = 40cosf. Using calculus with the appropriate bounds, we can compute the overlapped area.

Using either method, we compute the overlapped area to be 2007 + 400, and so the area of the inter-
section of those three graphs is 402 — (2007 + 400) = 1200 — 2007 ~ 571.68

972

(2011 AMC 12A #23) Let f(2) = 2 and g(2) = f(f(2)), where a and b are complex numbers.

Suppose that |a| = 1 and g¢(g(z)) = z for all z for which g(g(2)) is defined. What is the difference
between the largest and smallest possible values of [b|?

By algebraic manipulations, we obtain




where
P=(a+1)*+ab+1)?

Q=alb+1)(b*+2a+1)
R=(b+1)(b*+2a+1)
S=ab+1)2+ (a+b*)?
In order for h(z) = z, we must have R =0, Q =0, and P = S.
R =0 implies b= —1or b> +2a+1=0.
Q =0impliecsa=0,b=—1,0r b +2a+1 = 0.
P = S implies b= +1 or b +2a + 1 = 0.

Since |a| =1 # 0, in order to satisfy all 3 conditions we must have either b = +1 or b* +2a+1 = 0. In
the first case |b| = 1.

For the latter case note that
02 1] = |~ 20] = 2

2= +1] <|b?|+1
and hence,
L< 2= 1< b
. On the other hand,
2= +1]>p*| -1
SO
2| <3=0<b|<V3

. Thus 1 < |b| < /3. Hence the maximum value for |b| is v/3 while the minimum is 1 (which can be
achieved for instance when |a| = 1,|b| = v/3 or |a| = 1, |b| = 1 respectively). Therefore the answer is

(C) V3 -1].

10
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18.

19.

(2009 AMC 12A #21) Let p(x) = 23 +az?+ bz +c, where a, b, and ¢ are complex numbers. Suppose
that
(2009 + 90027i) = p(2009) = p(9002) = 0

What is the number of nonreal zeros of x'? + ax® + ba* + ¢?

From the three zeroes, we have p(x) = (x — (2009 + 900274))(x — 2009) (z — 9002).
Then p(x?) = (x* — (2009 + 90027i))(z* — 2009)(z* — 9002) = z12 + ax® + bz + c.
Let’s do each factor case by case:

x* — (2009 + 90027i) = 0: Clearly, all the fourth roots are going to be complex. z* — 2009 = 0: The
real roots are ++/2009, and there are two complex roots. z* — 9002 = 0: The real roots are £+/9002,
and there are two complex roots. So the answer is 4 +2 42 =38

(2004 AMC 12A #23) A polynomial

P(x) = 20047 + 200377 + ... + 13 + o

has real coefficients with o994 7# 0 and 2004 distinct complex zeroes zx = ag + bii, 1 < k < 2004 with
ay and by real, ay = by = 0, and

2004 2004
E ap = E bk .
k=1 k=1

2004 2004
(A)co (B)eaoos  (C)babs...baoos (D) Z ar  (E) Z Ck
k=1 k=1

We have to evaluate the answer choices and use process of elimination:

(A): We are given that a; = b = 0, so z; = 0. If one of the roots is zero, then P(0) = ¢y = 0. (B):
By Vieta’s formulas, we know that —£20% ig the sum of all of the roots of P(z). Since that is real,

C2004

iozof b, =0= Zi[ff ak, and 293 =0, 50 co003 = 0. (C): All of the coefficients are real. For sake of
contradiction suppose none of by o994 are zero. Then for each complex root zg, its complex conjugate
Zr = ap — by is also a root. So the roots should pair up, but we have an odd number of imaginary
roots! (Remember that b; = 0.) This gives us the contradiction, and therefore the product is equal to
zero. (D): We are given that Zzozof ap = Ziozof b. Since the coefficients are real, it follows that if a
root is complex, its conjugate is also a root; and the sum of the imaginary parts of complex conjugates
is zero. Hence the RHS is zero. There is, however, no reason to believe that should be zero (in fact,

that quantity is P(1), and there is no evidence that 1 is a root of P(x)).

Show that the equation

|z —2|
lz+1]

makes a circle in the complex plane, by converting it to the form |z — ¢| = r. What if we replace z by
1/27?

11



A usual approach when we have absolute value in a complex equation is to square the equation, so we
can deal with multiplication by conjugates instead of absolute value. In particular, we have

-2 —2)(z—2
12 |:2<:>%:4@zE—Qz—2§+4:4(zE+z—|—Z+1)
|2+ 1] (z4+1)(z+1)

<— 22—-2Z2=32Z+4+4Z+4z «<— 0=32Z+62Z+ 62z < 12=32Z+6Z+ 62 + 12

= 12=3(224+22+2:z+4) < 4=22+22+224+4 <= 4=(2+2)(2+2)
— 2=|z+2]

Notice that if we replace z by 1/z, we get:

|1/z—2|72 |1—2z|72 |1/2—z|71
1/z+1] 14z 14z

The point of this is that z must be the same distance from 1/2 as it is from —1. The set of such points
is the perpendicular bisector, which is a line.

20. Let u be a complex number, and let v be the reflection of u over the line R(z) = (z). Express v in
terms of v and @.

Recall from coordinate geometry that when we reflect (a,b) across y = x, we get (b,a). So, we want to
express b+ ai in terms of a + bi and a — bi. The easiest way to do this is b+ ai = i(a — bi). So, v = .
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