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Introduction

In many contest problems, especially when quadratics have negative discrimi-
nants or when elegant algebraic tricks are called for, real numbers alone aren’t
enough. Complex numbers extend the real line into the plane, allowing us to
solve every polynomial equation and to manipulate expressions (like (1+ i)n or
1+i
1−i ) with powerful shortcuts. Competitions routinely exploit:

• Cycling powers of the imaginary unit i

• Conjugates to rationalize denominators

• Binomial expansions in disguise

• Polar/De Moivre techniques for angle or modulus computations

Mastering the fundamental identities below will let you breeze through these
problems.

What Is a Complex Number?

Introduce the imaginary unit i by the defining relation

i2 = −1

A complex number is any expression of the form

z = a+ bi

where a (the real part) and b (the imaginary part) are real numbers.

Key Algebraic Identities

1. Powers of i.

i0 = 1, i1 = i, i2 = −1, i3 = −i, i4 = 1,

and in general in+4 = in.
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2. Addition and Multiplication.

(a+bi)+(c+di) = (a+c)+(b+d) i, (a+bi)(c+di) = (ac−bd)+(ad+bc) i.

3. Conjugate and Modulus. The conjugate of z = a + bi is z = a − bi.
Multiplying by the conjugate clears the imaginary part:

z z = (a+ bi)(a− bi) = a2 + b2 = |z|2.

4. Rationalizing Denominators.

a+ bi

c+ di
=

(a+ bi)(c− di)

(c+ di)(c− di)
=

(ac+ bd) + (bc− ad) i

c2 + d2
.

5. Binomial Expansion.

(x+ y)n =

n∑
k=0

(
n

k

)
xn−k yk,

applied with x = 1, y = i to expand (1 + i)n.

6. Square Formula.

(a+ bi)2 = a2 − b2 + 2ab i.

Tip for Problem Solving. Whenever you see a high power of i, reduce
the exponent modulo 4. Whenever you need to divide by a complex number,
multiply by its conjugate. And for (x+y)n, apply the binomial theorem—often
many terms simplify or combine nicely.
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