8/3 Number Theory AMC 10/12 Solutions

August 10, 2025

. The least common multiple of a positive integer n and 18 is 180, and the
greatest common divisor of n and 45 is 15. What is the sum of the digits
of n?

The options for lem(z, 18) = 180 are 20, 60, and 180. The options for
ged(y,45) = 15 are 15, 30, 60, 75, etc. We see that 60 appears in both
lists; therefore, 6 +0 = @

. Define L,, as the least common multiple of all the integers from 1 to n
inclusive. There is a unique integer h such that

1+1+1+ +1_h
1 2 3 17 Lir

What is the remainder when h is divided by 177

Notice that Li7 contains the highest power of every prime below 17 since
higher primes cannot divide Li7. Thus, L;7 =16-9-5-7-11-13-17.

When rewriting the sum in terms of Lq7:

Liz Liz Liz Liz h
1 2 3 7
+ + + “ee [ Jp—
Lz Lyy Ly Lz Ly

Notice that Li7 is a multiple of 17, so all numerators will be a multiple
of 17 unless we divide out 17, and the only term that will do this is %
Thus, the remainder of all other terms when divided by 17 will be 0, so the
problem is essentially asking us what the remainder of Ll—l; = Ly divided
by 17 is. This is equivalent to finding the remainder of 16-9-5-7-11-13

divided by 17.
We use modular arithmetic to simplify our answer:
This is congruent to —1-9-5-7-11-13 (mod 17).



Evaluating, we get:

(~1)-9-35-11-13=(~1)-9-1-11-13 (mod 17)
=9-11-(-13) (mod 17)
=9-11-4 (mod 17)
=2-11 (mod 17)
=5 (mod 17)

Therefore the remainder is .

. The ages of Jonie’s four cousins are distinct single-digit positive integers.
Two of the cousins’ ages multiplied together give 24, while the other two
multiply to 30. What is the sum of the ages of Jonie’s four cousins?

First look at the two cousins’ ages that multiply to 24. Since the ages
must be single-digit, the ages must either be 3 and 8 or 4 and 6.

Next, look at the two cousins’ ages that multiply to 30. Since the ages
must be single-digit, the only ages that work are 5 and 6. Remembering
that all the ages must all be distinct, the only solution that works is when
the ages are 3,8 and 5, 6.

We are required to find the sum of the ages, which is

3+8+5+6=[22]

. Let N =34-34-63-270. What is the ratio of the sum of the odd divisors
of N to the sum of the even divisors of N7

Prime factorize N to get N = 23.3%.5.7.17%2. For each odd divisor
n of N, there exist even divisors 2n,4n,8n of N, therefore the ratio is

1:(2+4+8)=[1:14]

. Let n be a positive integer and d be a digit such that the value of the
numeral 32d in base n equals 263, and the value of the numeral 324 in
base n equals the value of the numeral 11d1 in base six. What is n + d?

We can start by setting up an equation to convert 32d base n to base
10. To convert this to base 10, it would be 3n? + 2n + d. Because it is
equal to 263, we can set this equation to 263. Finally, subtract d from
both sides to get 3n? + 2n = 263 — d.

We can also set up equations to convert 324 base n and 11d1 base 6 to
base 10. The equation to covert 324 base n to base 10 is 3n? + 2n + 4.
The equation to convert 11d1 base 6 to base 10 is 6% + 62 + 6d + 1.

Simplify 63462 +6d+1 so it becomes 6d+253. Setting the above equations
equal to each other, we have

3n? 4+ 2n + 4 = 6d + 253.



Subtracting 4 from both sides gets 3n% 4+ 2n = 6d + 249.

We can then use equations
3n? +2n =263 —d

3n? + 2n = 6d + 249
to solve for d. Set 263 — d equal to 6d + 249 and solve to find that d = 2.

Plug d = 2 back into the equation 3n? + 2n = 263 — d. Subtract 261 from
both sides to get your final equation of 3n? 4+ 2n — 261 = 0. We solve using
the quadratic formula to find that the solutions are 9 and —29/3. Because
the base must be positive, n = 9.

Adding 2 to 9 gets

. Call a positive integer an uphill integer if every digit is strictly greater
than the previous digit. For example, 1357,89, and 5 are all uphill inte-
gers, but 32,1240, and 466 are not. How many uphill integers are divisible
by 157

The divisibility rule of 15 is that the number must be congruent to 0
mod 3 and congruent to 0 mod 5. Being divisible by 5 means that it must
end with a 5 or a 0. We can rule out the case when the number ends with
a 0 immediately because the only integer that is uphill and ends with a 0
is 0 which is not positive. So now we know that the number ends with a
5. Looking at the answer choices, the answer choices are all pretty small,
so we can generate all of the numbers that are uphill and are divisible by
3. These numbers are 15,45, 135, 345, 1245, 12345, or @ numbers.

. The sum of two natural numbers is 17,402. One of the two numbers is di-
visible by 10. If the units digit of that number is erased, the other number
is obtained. What is the difference of these two numbers?

The units digit of a multiple of 10 will always be 0. We add a 0 whenever
we multiply by 10. So, removing the units digit is equal to dividing by 10.

Let the smaller number (the one we get after removing the units digit) be
a. This means the bigger number would be 10a.

We know the sum is 10a + a = 11a so 1la = 17402. So a = 1582. The
difference is 10a — a = 9a. So, the answer is 9(1582) = | 14,238 |.

. When a student multiplied the number 66 by the repeating decimal,

where a and b are digits, he did not notice the notation and just multiplied
66 times 1.a b. Later he found that his answer is 0.5 less than the correct
answer. What is the 2-digit number a b?
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We are given that 66 (;.@) —0.5=66 (;.@ Q), from which

66 (;.@ - 66(1.@ g) —05

66(1ab—1ab) =05

66(0.0 0 @) —05
1\ 1
06 (10 '0“) =3

_ 25

0ab= -2

SA2= 33

0ab _ 2

99 33

0.a b=0.75
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For which of the following integers b is the base-b number 2021, — 221,
not divisible by 37

A3 B4 (©)6 D7 (B)S8
We have
2021, — 221, = (2021, — 21,) — (221, — 21y)
= 20005 — 200,
=2b° —2b°
=2b%(b— 1),
which is divisible by 3 unless b = 2 (mod 3). The only choice congruent

to 2 modulo 3 is .

All the roots of the polynomial 26 — 102° + Az* + Bz3 + C2%2 + Dz + 16
are positive integers, possibly repeated. What is the value of B?

By Vieta’s formulas, the sum of the six roots is 10 and the product of
the six roots is 16. By inspection, we see the roots are 1,1,2,2,2, and 2,
so the function is (z—1)2(2—2)* = (22 —22+1)(2* — 823+ 2422 - 322+ 16).
Therefore, calculating just the 23 terms, we get B = —32 — 48 — 8 = .

Let f be a function defined on the set of positive rational numbers with
the property that f(a-b) = f(a) + f(b) for all positive rational numbers
a and b. Suppose that f also has the property that f(p) = p for every
prime number p. For which of the following numbers z is f(x) < 07
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Az B ©F Mz ®F
We know that f(p) = f(p-1) = f(p) + f(1). By transitive, we have

fp) = fp) + (1)
Subtracting f(p) from both sides gives 0 = f(1). Also

r@+1(3)

)
f<3)+f(§)=f(1>=o = 3+f(§)=o — f(
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f(11)+f(111)_f(1)_0 — 11+f()_0 — f(

In (A) we have f (32) =17+5f (1) (

In (B) we have f (13) =11 +4f () =11 —4(2) =
In (C) we have f (§) =7+2f(3)=7-203)=1
In (D) wehave f(I) =7+ f(3)+f(3)=7-2-3=2.
In (E) we have f (2) =10+ f (f) =10 - 11 = —1.

25
11

Thus, our answer is

Driving along a highway, Megan noticed that her odometer showed 15951
(miles). This number is a palindrome-it reads the same forward and back-
ward. Then 2 hours later, the odometer displayed the next higher palin-
drome. What was her average speed, in miles per hour, during this 2-hour
period?

In order to get the smallest palindrome greater than 15951, we need to
raise the middle digit. If we were to raise any of the digits after the mid-
dle, we would be forced to also raise a digit before the middle to keep it a
palindrome, making it unnecessarily larger.

So we raise 9 to the next largest value, 10, but obviously, that’s not how
place value works, so we’re in the 16000s now. To keep this a palindrome,
our number is now 16061.

So Megan drove 16061 — 15951 = 110 miles. Since this happened over 2
hours, she drove at % = mph.

How many positive even multiples of 3 less than 2020 are perfect squares?

Any even multiple of 3 is a multiple of 6, so we need to find multiples
of 6 that are perfect squares and less than 2020. Any solution that we
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want will be in the form (6n)2, where n is a positive integer. The smallest
possible value is at n = 1, and the largest is at n = 7 (where the expression

equals 1764). Therefore, there are a total of possible numbers.
The decimal representation of

1
2020

consists of a string of zeros after the decimal point, followed by a 9 and
then several more digits. How many zeros are in that initial string of zeros
after the decimal point?

We have

I |
2020 (10 . 2)20 ~ 1020 . 220

Now we do some estimation. Notice that 22° = 10242, which means that
220 ig a little more than 10002 = 1,000, 000. Multiplying it with 10%°, we
get that the denominator is about 100...0. Notice that when we divide

26 zeros
1 by an n digit number as long as n is not a power of 10, there are n — 1

zeros before the first nonzero digit. This means that when we divide 1 by
the 27 digit integer 100...0, there are zeros in the initial string after

26 zeros
the decimal point.

Steve wrote the digits 1, 2, 3, 4, and 5 in order repeatedly from left to
right, forming a list of 10,000 digits, beginning 123451234512 . ... He then
erased every third digit from his list (that is, the 3rd, 6th, 9th, ... digits
from the left), then erased every fourth digit from the resulting list (that
is, the 4th, 8th, 12th, ... digits from the left in what remained), and then
erased every fifth digit from what remained at that point. What is the
sum of the three digits that were then in the positions 2019, 2020, 20217

After erasing every third digit, the list becomes 1245235134 . .. repeated.

After erasing every fourth digit from this list, the list becomes 124235341452513 . ..

repeated. Finally, after erasing every fifth digit from this list, the list be-
comes 124253415251 ... repeated. Since this list repeats every 12 digits
and 2019,2020,2021 are 3,4,5 respectively in (mod 12), we have that
the 2019th, 2020th, and 2021st digits are the 3rd, 4th, and 5th digits
respectively. It follows that the answer is 4 +2 4+ 5 = .

What is the remainder when 2292 4 202 is divided by 210! + 251 4 1?

Completing the square, then difference of squares:



2202 1 902 = (2191)2 £ 2. 2100 1 1 —2.2101 1 901
= (2" +1)* =219 + 201
— (2101 _ 251 + 1)(2101 + 251 + 1) + 201

Thus, we see that the remainder is
. How many positive integers n satisfy

n + 1000
oo ?
=0 [v/n]

(Recall that |z is the greatest integer not exceeding x.)
We can first consider the equation without a floor function:

n + 1000
o o Vm

Multiplying both sides by 70 and then squaring;:

n? + 2000n + 1000000 = 4900n

Moving all terms to the left:

n? — 2900n + 1000000 = 0

Now we can determine the factors:

(n —400)(n — 2500) =0
This means that for n = 400 and n = 2500, the equation will hold without
the floor function.

Now we can simply check the multiples of 70 around 400 and 2500 in the
original equation, which we abbreviate as L = R.

For n = 330, L = 19 but 182 < 330 < 192 so R = 18
For n =400, L =20 and R =20

For n =470, L =21, R=21

For n = 540, L = 22 but 540 > 232 so R = 23

Now we move to n = 2500

For n = 2430, L = 49 and 492 < 2430 < 50% so R = 49
For n = 2360, L = 48 and 482 < 2360 < 492 so R = 48
For n = 2290, L = 47 and 47% < 2360 < 482 so R = 47
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For n = 2220, L = 46 but 472 < 2220 so R = 47

For n = 2500, L = 50 and R = 50

For n = 2570, L = 51 but 2570 < 512 so R = 50

Therefore we have 6 total solutions, n = 400, 470, 2290, 2360, 2430, 2500 =

Let D(n) denote the number of ways of writing the positive integer n as
a product

n=fi-fo-fr

where k > 1, the f; are integers strictly greater than 1, and the order in
which the factors are listed matters (that is, two representations that dif-
fer only in the order of the factors are counted as distinct). For example,
the number 6 can be written as 6, 2 -3, and 3 -2, so D(6) = 3. What is
D(96)?

Note that 96 = 2° - 3. Since there are at most six not necessarily dis-
tinct factors > 1 multiplying to 96, we have six cases: k =1,2,...,6. Now
we look at each of the six cases.

k = 1. We see that there is 1 way, merely 96.

k = 2: This way, we have the 3 in one slot and 2 in another, and symmetry.
The four other 2’s leave us with 5 ways and symmetry doubles us so we
have 10.

k = 3: We have 3,2,2 as our baseline. We need to multiply by 2 in 3
places, and see that we can split the remaining three powers of 2 in a
manner that is 3—0—-0,2—1—-0or1—-1—-1. A 3—0— 0 split has
6 + 3 = 9 ways of happening (24 — 2 — 2 and symmetry; 2 — 3 — 16 and
symmetry), a 2 — 1 — 0 split has 6 - 3 = 18 ways of happening (due to all
being distinct) and a 1 — 1 — 1 split has 3 ways of happening (6 — 4 — 4
and symmetry) so in this case we have 9 + 18 4+ 3 = 30 ways.

k = 4: We have 3,2,2,2 as our baseline, and for the two other 2’s, we
havea2—-0—0—0or 1—1—0—0 split. The former grants us 4+12 = 16
ways (12 —2 —2 — 2 and symmetry and 3 —8 — 2 — 2 and symmetry) and
the latter grants us also 12 + 12 = 24 ways (6 — 4 — 2 — 2 and symmetry
and 3 — 4 — 4 — 2 and symmetry) for a total of 16 + 24 = 40 ways.

k = 5: We have 3,2,2,2,2 as our baseline and one place to put the last
two: on another two or on the three. On the three gives us 5 ways due to
symmetry and on another two gives us 5 -4 = 20 ways due to symmetry.
Thus, we have 5 + 20 = 25 ways.

k = 6: We have 3,2,2,2, 2,2 and symmetry and no more twos to multiply,
so by symmetry, we have 6 ways.

Thus, adding, we have 1 + 10430+ 40+ 25+ 6 = .



19. Let n be the least positive integer greater than 1000 for which

ged(63,n+120) =21 and  ged(n + 63, 120) = 60.
What is the sum of the digits of n?

We know that ged(n + 57,63) = 21 and ged(n — 57,120) = 60 by the
Euclidean Algorithm. Hence, let n + 57 = 2la and n — 57 = 607,
where ged(a,3) = 1 and ged(y,2) = 1. Subtracting the two equations,
38 = Ta — 20y. Letting v = 2s+ 1, we get 58 = 7T — 40s. Taking modulo
40, we have a = 14 (mod 40). We are given that n = 21a — 57 > 1000, so
a > 51. Notice that if o = 54 then the condition ged(a, 3) = 1 is violated.
The next possible value of o = 94 satisfies the given condition, giving us
n = 1917.

Alternatively, we could have said @ = 40k + 14 = 0 (mod 3) for k =
1 (mod 3) only, so k = 0,2 (mod 3), giving us our answer. Since the

problem asks for the sum of the digits of n, our answer is 149+147 = .



