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1 Warm Up

1. Each cup is filled with % . % = % of the amount of juice in the pitcher, so

the percentage is 23—0 -100 = 15.

2. The sum of the ratios is 10. Since the sum of the angles of a triangle is
180°, the ratio can be scaled up to 54 : 54 : 72 (3-18 : 3- 18 : 4 - 18). The num-
bers in the ratio 54 : 54 : 72 represent the angles of the triangle. The question
asks for the largest, so the answer is 72.

3. We can simply test out numbers to see which one works. We can see that
Clara’s score can’t be a multiple of ten because the reverse of the score is a
one digit number, to small for the answer choices. After testing multiples, the
answer should be 45.

4. We multiply the first ratio by 8 on both sides, and the second ratio by 5
to get the same number for 8th graders, in order that we can put the two ratios
together:

5:3=5(8):3(8) =40:24

8:5=28(5):5(5)=40:25

Therefore, the ratio of 8th graders to 7Tth graders to 6th graders is 40 : 25 : 24.
Since the ratio is in lowest terms, the smallest number of students participating
in the project is 40 + 25 + 24 = 89.

2 Practice!

1. Observe that of the answer choices, only 58 is even, having a prime factor of
2 (the smallest prime). Therefore, the answer is (C).

2. Note that for a number to be divisible by 9, the sum of its digits must
be a multiple of 9. Therefore, 2 +0+4+ 1+ 8+ U = 11 + U is a multiple of 9,
so U = 7 in which case the digit sum is 18. Hence, the answer is 20187 = 3
(mod 8).



3. For a number to be divisible by 3, the sum of its digits must be a mul-
tiple of 3. Therefore, 7+ 4+ A4+5+2+B+1=194+A+ B =0 (mod 3)
and3+24+64+A+B+4+C=15+A+B+C=0 (mod3). Subtracting
the equations gives C =1 (mod 3). Hence, the answer is (A) since that is the
only answer choice that is 1 mod 3.

4. If the sum of 2 primes is odd, then one must be odd and the other even.
Since the only even prime is 2, the other must be 83. The answer is 2-83 = 166.

5. Note that 250 = 2 - 53, The answer is 2+ 5 = 7.

6. A number is divisible by 15 if and only if it is divisible by 3 and 5. Therefore,
the units digit of an uphill integer must be either 0 or 5. However, it cannot be
0 because it would be impossible for a number to be increasing in digits from
left to right. Listing based on number of digits gives the following possibilities:
15, 45,135, 345,1245,12345. Therefore, the answer is 6.

7. Casework by the units digit v will help organize the answer.

u = 0 gives no solutions, since no real numbers are divisible by 0

u = 1 has 4 solutions, since all numbers are divisible by 1.

u = 2 has 4 solutions, since every number ending in 2 is even (ie divisible by
2).

u = 3 has 1 solution: 33. £10 or +20 will retain the units digit, but will

stop the number from being divisible by 3. £30 is the smallest multiple of 10
that will keep the number divisible by 3, but those numbers are 3 and 63, which
are out of the range of the problem.

u = 4 has 2 solutions: 24 and 44. Adding or subtracting 10 will kill divisi-
bility by 4, since 10 is not divisible by 4.

u = 5 has 4 solutions: every number ending in 5 is divisible by 5.

u = 6 has 1 solution: 36. £10 or £20 will kill divisibility by 3, and thus kill
divisibility by 6.

u = 7 has no solutions. The first multiples of 7 that end in 7 are 7 and 77,
but both are outside of the range of this problem.

u = 8 has 1 solution: 48. +10,+20,+30 will all kill divisibility by 8 since
10, 20, and 30 are not divisible by 8.

u = 9 has no solutions. 9 and 99 are the smallest multiples of 9 that end in
9.

Totalling the solutions, we have 0 +4+4+14+24+44+14+0+14+0=17
solutions, giving the answer C, which is 17.

8. The least possible year after 2000 that is divisible by 2 is 2002 (as 2000
itself is not admissible), by 3 is 2001, and by 5 is 2005.

So, if Ayasha was born in 2002, Beshkno in 2001, and Chenoa in 2005, that
would satisfy all constraints given in the problem. In this case, the sum of their
birth years is 2002 + 2001 4 2005 = 6008.



Therefore, the least possible sum of their birth years, given these constraints,
is 6008.

9. For all d, any permutation ending in d is divisible by d. In particular, d
= 1 is immediate, d = 2 works because any number ending in 2 is even, d = 5
works because any number ending in 5 is a multiple of 5, and d = 3 and d = 6
result from any permutation of the number being a multiple of 3 (as the digits
sum to 21, a multiple of 3), and for d = 6, also because 6 is even. Once the
last digit is chosen for each of these five cases, there are 5! to arrange the other
digits, for a total of 5 - 5! permutations. However, for d = 4, the last two digits
must be a multiple of 4, which only happens when the second-to-last digit is 2
or 6. This gives an additional 2 - 4! = 48 permutations, for a total of 5 - 5! +
48 = 648 permutations.

10. We can first find the prime factorization of 23,232, which is 26 - 3! - 112.
Now, we add one to our powers and multiply. Therefore, the answer is (6 + 1) -
1+1)-(2+1)=7-2-3=42

11. We know that the number of students in the group has to be a multi-
ple of 15, so we can eliminate A. However, on June 13, they cannot find a new
way of organizing the students meaning that the number has only 12 factors.
The prime factorization of 60 is equal to 22 - 3! - 5!, Using the factor counting
formula, we have the add one to each exponent and multiply them together to
find the number of factors. (24+1) x (1+1) x (1+1) =3 x 2 x 2 = 12 factors
making 60 the answer.

12. Prime factorize N to get N = 23.3%.5.7-17%2. For each odd divi-
sor n of N, there exist even divisors 2n,4n,8n of N, therefore the ratio is
1:(24+4+48)=1:14.

13. Since 2020 = 22 - 5 - 101, we can simply list its factors:
1,2,4,5,10,20,101, 202,404, 505, 1010, 2020.

There are 12 factors; only 1,2,4,5,101 don’t have over 3 factors, so the remain-
ing 12 — 5 = 7 factors have more than 3 factors.

14. Note that 1001 = 7 - 11 - 13. Of course, there can’t be an additional prime
factor since that would make at least 2* = 16 factors. Then, the additional
factors must be of the form 7¢11°13¢. The only possibility is that one of a,b, ¢
is 1 and the others are 0 or all are 0 by inspection. Therefore, the answer is 4.

15. We know that n? = 252338 must have (62 + 1) x (38 + 1) factors by its
prime factorization. If we group all of these factors (excluding n) into pairs
that multiply to n2, then one factor per pair is less than n, and so there are
% = 1228 factors of n? that are less than n. There are 32 x 20 — 1 = 639
factors of n, which clearly are less than n, but are still factors of n. Therefore,



using complementary counting, there are 1228 — 639 = 589 factors of n? that
do not divide n.

16. Since the prime factorization of 110 is 2 - 5 - 11, we have that the num-
ber is equal to 2-5-11-n3. This has 2-2-2 = 8 factors when n = 1. This
needs a multiple of 11 factors, which we can achieve by setting n = 23, so we
have 219 . 5. 11 has 44 factors. To achieve the desired 110 factors, we need
the number of factors to also be divisible by 5, so we can set n = 23 -5, so
210.5%.11 has 110 factors. Therefore, n = 23-5. In order to find the number of
factors of 81n*, we raise this to the fourth power and multiply it by 81, and find
the factors of that number. We have 34-212.54, and this has 5-13-5 = 325 factors.

17. Note that 2020 has only an extra factor of 2. The other prime factors
are the same: 5,101. All factors that satisfy the condition are multiples of 4.
Listing, we have 4, 20,4040, 2020, so the answer is 4.

18. Similar to the sum of factors formula, we have that the requested sum
is (1/141/2+1/4+1/8)(1/1+ 1/3+1/9)(1/1 + 1/5) = 13/4.

19. Because squares of a non-multiple of 3 is always 1 (mod 3), the only
expression always a multiple of 3 is p? + 26. This is excluding when p = 0
(mod 3), which only occurs when p = 3, then p? + 26 = 35 which is still com-
posite.

20. Mersenne Primes are primes of the form 2™ — 1, where n is prime. Us-
ing the process of elimination, we can eliminate every option except for (A)
and (C). Clearly, 606 isn’t prime, so the answer must be 2607 — 1.



