ORMC AMC 10/12 Week 2 Solutions

July 2025

1 Warm-up Exercises

1. (2013 AMC 12A #1) Square ABCD has side length 10. Point E is on
BC, and the area of AABE is 40. What is BE?

Note that AABE is a right triangle. Let BE = x. Using the area formula,
we find $(z)(10) =40 = z = 8.

2. (2015 AMC 12A #2) Two of the three sides of a triangle are 20 and
15. What is the range of possible values for the third side?

By the triangle inequality, the sum of any two sides of the triangle must be
greater than the third side. Let the length of the third side of the triangle be
x. Wehave 20— 15 <2 <20+ 15 =5 < x < 35.

3. (2020 AMC 10B #4) The acute angles of a right triangle are a® and
b°, where a > b and both a and b are prime numbers. What is the least possible
value of b7

Note that a + b = 90°. Then, testing primes, from small to large, we see
that b = 7 gives the smallest possible value for b, for which a = 83.

4. (2016 AMC 10B #89) All three vertices of AABC lie on the parabola
defined by y = 22, with A at the origin and BC parallel to the z-axis. The area
of the triangle is 64. What is the length of BC?

Let B = (—z,72) and C = (z,2?), since both points are given to lie on the
parabola and form an equilateral triangle with point A. Then, the area of the
triangle is %(233)(332) = 64 = = = 4. Therefore BC = 2x = 8.

5. (2016 AMC 10A #11) Find the area of the shaded region.

Draw the diagonal connecting the top left vertex to the bottom right vertex.
Then, drop an altitude from the center of the rectangle to the bottom and left



sides. Note that we are left with 4 triangles, and each area can be solved for
using the triangle area formula. We have A = 2(5(1)(2.5) + 3(1)(4)) = 6.5.

2 Examples

1. Equilateral AABC has side length 1, and squares ABDE, BCHI, CAFG
lie outside the triangle. What is the area of hexagon DEFGHI?

Consider the equilateral triangle, the 3 squares, and the other 3 isosceles trian-
gles. We find the area of each individually. Note that the area of the equilat-
eral triangle is given by 12\/?:/ 4. The area of the squares are clearly each 12.
Lastly, the area of the isosceles triangles depends on the vertex angle, which is
360° —90° —90° — 60° = 120°. By the sine area formula, the area of each isosce-
les triangle is £ (1)(1) sin 120° = ?. Adding, we see that the total area is 3-++/3.
2. Consider AADE. Note that it is similar to the top triangle in a 4 : 3
ratio, therefore the area ratio is 16 : 9. Let the area of AADE = A. Then,
A=2A+7= A=16. The area of the trapezoid is 40 — 16 = 24.

3. (2013 AMC 12A #9) In AABC, AB = AC = 28 and BC = 20. Points
D, E, and F are on sides AB, BC, and AC, respectively, such that DE and EF
are parallel to AC and AB, respectively. What is the perimeter of parallelogram
ADEF?

Note that AD + AB = AD + DE = 28. Hence, the perimeter of the paral-
lelogram is 2 - 28 = 56.

3 Exercises

1. (2019 AMC 10A #16) The figure below shows 13 circles of radius 1 within
a larger circle. All the intersections occur at points of tangency. What is the
area of the region, shaded in the figure, inside the larger circle but outside all
the circles of radius 17



In the diagram above, notice that triangle OAB and triangle ABC' are con-
gruent and equilateral with side length 2. We can see the radius of the larger
circle is 20 H +1. Using 30° —60°—90° triangles, we know OH = v/3. Therefore,
the radius of the larger circle is 2v/3 + 1.

The area of the larger circle is thus (2\/§—|— 1)2 T = (13 + 4\/§) 7, and the
sum of the areas of the smaller circles is 137, so the area of the dark region is

(13 +4v3) m — 137 :.

2. (2018 AMC 10A #13) A paper triangle with sides of lengths 3, 4, and 5
inches is folded so that point A falls on point B. What is the length in inches
of the crease?

B

A E C

First, we need to realize that the crease line is just the perpendicular bisector
of side AB, the hypotenuse of right triangle AABC. Call the midpoint of AB
point D. Draw this line and call the intersection point with AC as E. Now,
AACB is similar to AADE by AA similarity. Setting up the ratios, we find

15
thatﬁ—gz%:gz%ﬁ;xDE: 5
==== Note ==== In general, whenever we are asked to make a crease,

think about that crease as a line of reflection over which the diagram is reflected.



This is why the crease must be the perpendicular bisector of AB, because A
must be reflected onto B.

3. In rectangle ABCD, AB = 3 and BC = 9. The rectangle is folded so
that points A and C coincide, forming the pentagon ABEFD. What is the
length of segment EF'? Express your answer in simplest radical form.

Note that the crease is the perpendicular bisector of diagonal AC. Let P =
AC N EF. Then, note that AA’PF ~ NA’CD, where A’ is the point that was

.. .. . AP AlC 9 .
originally A. By similar triangles, we have &5 = &5 = 5 = 3. But since

3
AP =310 we have PF = Y10 = BF = /10.

4. (2019 AMC 10B #15) Right triangles 77 and T have areas of 1 and
2, respectively. A side of T} is congruent to a side of T5, and a different side of
Ti is congruent to a different side of T,. What is the square of the product of
the lengths of the other (third) sides of 77 and T5?

First of all, let the two sides which are congruent be z and y, where y > .
The only way that the conditions of the problem can be satisfied is if x is the
shorter leg of T5 and the longer leg of T, and y is the longer leg of T, and the
hypotenuse of T;.

Notice that this means the value we are looking for is the square of \/x2 + 32 -
VY2 — 22 = \/y* — 2, which is just y* — 2%

o . . x\/y2—22
The area conditions give us two equations: % = 2 and yf =1.

This means that y = 4 and that % =y — 22

x x

Taking the second equation, we get x2y? — x* = 4, so since zy = 4, z* = 12.

Sincey:%,we get y* = ==

256 _ 64
12 3"

28
The value we are looking for is just y* — 2% = 84236 —|

3 3
5. (2014 AMC 12A #10) Three congruent isosceles triangles are constructed
with their bases on the sides of an equilateral triangle of side length 1. The sum
of the areas of the three isosceles triangles is the same as the area of the equi-
lateral triangle. What is the length of one of the two congruent sides of one of
the isosceles triangles?

Since the total area of each congruent isosceles triangle is the same, the area of

1 1 3
each is 3 the total area of an equilateral triangle of side length 1, or 3% %



bh
Likewise, the area of each can be defined as > with base b equaling 1, meaning

h 1 3 3

that 53 =3% %, or h = % A side length of the isosceles triangle is the
b

hypotenuse with legs 5 and h. Using the Pythagorean Theorem, the side length

N 2
LY ) o] L2
2 6 3
6. (2018 AMC 10B #15) A closed box with a square base is to be wrapped
with a square sheet of wrapping paper. The box is centered on the wrapping
paper with the vertices of the base lying on the midlines of the square sheet.
The corners are folded to meet at the center of the top of the box. The box has
base length w and height h. What is the area of the sheet of wrapping paper?
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Consider one-quarter of the image (the wrapping paper is divided up into
4 congruent squares). The length of each dotted line is h. The area of the
rectangle that is w by A is wh. The combined figure of the two triangles with
base h is a square with h as its diagonal. Using the Pythagorean Theorem, each
side of this square is % Thus, the area is the side length squared which is h—;



Similarly, the combined figure of the two triangles with base w is a square with
2 2 2
area “5-. Adding all of these together, we get - + % + wh. Since we have

four of these areas in the entire wrapping paper, we multiply this by 4, getting
4(% + 5 +wh) =2 (w?+ b2 + 2wh) =|2(w + h)? |

7. (2019 AMC 10B #8) A square and four equilateral triangles, each with
side length 2, are arranged so that the triangles lie on each side of the square
and meet at the center. What is the area of the region inside the square but
outside the triangles?

We notice that the square can be split into 4 congruent smaller squares, with
the altitude of the equilateral triangle being the side of this smaller square. Note
that area of shaded part in a quarter square is the total area of quarter square
minus a white triangle (which has already been split in half).

When we split an equilateral triangle in half, we get two 30° — 60° — 90°
triangles. Therefore, the altitude, which is also the side length of one of the
smaller squares, is v/3. We can then compute the area of the two triangles as
2. 148 — /3,

The area of the each small squares is the square of the side length, i.e.
(\/§)2 = 3. Therefore, the area of the shaded region in each of the four squares
is 3 — /3.

Since there are 4 of these squares, we multiply this by 4 to get 4 (3 - \/3) =

12 — 4\/§ as our answer.

8. (2015 AMC 10A #19) Isosceles right triangle ABC has right angle at
C and area 12.5. The rays trisecting ZACB intersect AB at D and F. What
is the area of ACDE?



h

t

309

AADC can be split into a 45 — 45 — 90 right triangle and a 30 — 60 — 90
right triangle by dropping a perpendicular from D to side AC. Let F' be where
that perpendicular intersects AC.

Because the side lengths of a 45—45—90 right triangle are in ratio a : a : av/2,
DF = AF.

Because the side lengths of a 30—60—90 right triangle are in ratio a : av/3 : 2a

_ _ 5—AF
and AF + FC =5, DF = 75 "

Setting the two equations for DF equal to each other, AF = %

Solving gives AF = DF = 5\[%

The area of AADC = L. DF - AC = 2¥3=25,

ANADC is congruent to ABEC, so their areas are equal.

A triangle’s area can be written as the sum of the figures that make it up,
so [ABC| = [ADC| + [BEC] + [CDE].

% _ 25\/2—25 + 25@—25 +[CDE].

50 — 25v/3
2

9. (2021 AMC 10A #13) What is the volume of tetrahedron ABCD with
edge lengths AB =2, AC =3, AD =4, BC =+/13, BD = 2v/5, and CD = 5?

Solving gives [CDE] = %, so the answer is

Drawing the tetrahedron out and testing side lengths, we realize that the AACD,

ANABC, and AABD are right triangles. It is now easy to calculate the volume

of the tetrahedron using the formula for the volume of a pyramid. If we take

AADC as the base, then AB must be the altitude. The volume of tetrahedron
1 3-4

10. (2012 AMC 10A #15) Three unit squares and two line segments con-

necting two pairs of vertices are shown. What is the area of AABC?



E 1 D

AC intersects BC at a right angle, (this can be proved by noticing that

the slopes of the two lines are negative reciprocals of each other) so AABC ~
ABED. The hypotenuse of right triangle BED is v/12 4 22 = /5.

AC  BD AC 2
?C_E:FC_I:AC—ZBC
AB_ BE 1 5 VA

Since AC = 2BC, BC = % ANABC is a right triangle so the area is just

1
1 — 1.2 1 _| =
i-AC-BC—2 N \/g—

11. (2018 AMC 10A #15) Two circles of radius 5 are externally tangent
to each other and internally tangent to a circle of radius 13 at points A and B.
The distance AB can be written in the form 7=, where m and n are relatively

prime positive integers. What is m + n?



"%

Let the center of the surrounding circle be X. The circle that is tangent at
point A will have point Y as the center. Similarly, the circle that is tangent at
point B will have point Z as the center. Connect AB, YZ, XA, and XB. Now
observe that AXY Z is similar to AXAB by SAS.

Writing out the ratios, we get

XY _YZ_13-5 545 8 _ 10 . 6
XA AB 13 AB 4

13~ AB 4
Therefore, our answer is 65 + 4 = .

12. (2018 AMC 10A #16) Right triangle ABC has leg lengths AB = 20 and
BC = 21. Including AB and BC, how many line segments with integer length
can be drawn from vertex B to a point on hypotenuse AC?

C

p

A B

By the Pythagorean Theorem, the hypotenuse has length 29. Let P be the



foot of the altitude from B to AC. Note that BP is the shortest possible length

of any segment. Writing the area of the triangle in two ways, we can solve for
20-21

BP = —59 which is between 14 and 15.

Let the line segment be BX, with X on AC. As you move X along the
hypotenuse from A to P, the length of BX strictly decreases, hitting all the
integer values from 20,19,...15 (IVT). Similarly, moving X from P to C hits
all the integer values from 15,16,...,21. This is a total of distinct line
segments.

13. (2013 AMC 12A #11) Triangle ABC'is equilateral with AB = 1. Points
E and G are on AC, and points D and F are on AB such that DFE || BC and
FG || BC. Triangle ADFE and trapezoids DFGE and FBCG all have the same
perimeter. What is DE + FG?

C

.

A D F B

Let AD = x, and AG = y. We want to find DE + F'G, which is nothing but
T+y.

Based on the fact that ADE, DEFG, and BCFG have the same perimeters,
we can say the following:

3r=x4+2y—z)+y=y+2(1-y)+1

Simplifying, we can find that

Jr=3y—x=3—y

Since 3 —y =3z, y =3 — 3.

After substitution, we find that 9 — 10z = 3z, and =z = %

13"
Again substituting, we find y = 12.
21
Theref =|—=
erefore, T + vy 3

14. (2017 AMC 10B #15) Rectangle ABCD has AB = 3 and BC = 4.
Point E is the foot of the perpendicular from B to diagonal AC. What is the
area of AAED?

10



D C

First, note that AC = 5 because ABC is a right triangle. In addition, we
have AB - BC = 2[ABC] = AC BE, so BE = 22 Using similar triangles
within ABC, we get that AE = £ and CE

Let F' be the foot of the perpendlcular from E to AB. Since EF and BC
are parallel, AAFFE is similar to AABC. Therefore, we have ﬁ—g = AE = 90
Since AB = 3, AF = 21, Note that AF is an altitude of AAED from AD,

25
54
which has length 4. Therefore, the area of AAED is % . g—g 4= % |
15. (2021 AMC 12B #14) Let ABCD be a rectangle and let DM be a
segment perpendicular to the plane of ABCD. Suppose that DM has integer
length, and the lengths of M A, MC, and M B are consecutive odd positive
integers (in this order). What is the volume of pyramid M ABCD?

a+2
© M

d

D

A

Let MA =q and MD = d. It follows that MC =a+2 and MB = a + 4.

11



As shown above, note that AMAD and AMBC' are both right triangles.
By the Pythagorean Theorem, we have

AD? = MA? — MD? = a? — d?,
BC? = MB? - MC? = (a+4)? — (a +2)°.

Since AD = BC in rectangle ABCD, we equate the expressions for AD?
and BC?, then rearrange and factor:

a® —d* = (a+4)* - (a+2)?
a? — d? = 4a + 12
a’? —4a — d?> =12
(a—2)?—d*> =16
(a+d—2)(a—d—2)=16.

As a+d— 2 and a — d — 2 have the same parity, we get a +d — 2 = 8 and
a —d—2=2, from which (a,d) = (7, 3).

Applying the Pythagorean Theorem to right AM AD and right AMCD, we
obtain AD = 21/10 and CD = 6v/2, respectively.

Let the brackets denote areas. Together, the volume of pyramid M ABCD

-[ABCD]-MD:%-(AD-CD)-MD:.

is

W =

16. (2022 AMC 10B #16) The diagram shows a rectangle with side lengths
4 and 8 and a square with side length 5. Three vertices of the square lie on
three different sides of the rectangle. What is the area of the region inside both
the square and the rectangle?

By doing some angle chasing using the fact that /ACFE and /CEG are right
angles, we find that /BAC = /DCFE = /FEG. Similarly, /ACB = /CED =
/EGF. Therefore, AABC ~ ANCDE ~ AEFG.

As we are given a rectangle and a square, AB = 4 and AC = 5. Therefore,
AABC is a 3-4-5 right triangle and BC' = 3.

CFE is also 5. So, using the similar triangles, CD =4 and DE = 3.

12



FF =DF — DE =4 — 3 = 1. Using the similar triangles again, E'F' is % of
the corresponding AB. So,

[AEFG] = (-)2 [AABC) = % 6= g

Finally, we have

3

[ACEG] = [ABDF] - [AABC|~[ACDE|~[AEFG) = 7-4—%-3.4—%-3.4— .

=28-6-6-2>=|15-|

17. (2021 AMC 10B #21) A square piece of paper has side length 1 and
vertices A, B, C, D in that order. The paper is folded so that vertex C' meets
edge AD at point C’, and edge BC intersects edge AB at point E. Suppose
that C’D = 1. What is the perimeter of triangle AAEC'?

A C’ D

We can set the point on C'D where the fold occurs as point F. Then, we
can set F'D as x, and C'F' as 1 — x because of symmetry due to the fold. It can
be recognized that this is a right triangle, and solving for =, we get,

1\ 1 4
x2+<§) :(l—x)2—>x2+§:x2—2x+l—>x:§

We know this is a 3-4-5 triangle because the side lengths are %, %, g. We
also know that EAC” is similar to C’' DF because angle EC'F is a right angle.
Now, we can use similarity to find out that the perimeter is just the perimeter

13



of C'"DF x AD—(;. That’s just % X4 = % X % = 2. Therefore, the final answer is

ol

18. (2018 AMC 10A #23) Farmer Pythagoras has a field in the shape of a
right triangle with legs of length 3 and 4 units. In the corner where the right
angle is, he leaves a square S unplanted so it looks like the right angle symbol.

The shortest distance from .S to the hypotenuse is 2 units. What fraction of the
field is planted?

4

Note that the hypotenuse of the field is 5, and the area of the field is 6. Let
x be the side-length of square S.
Let the brackets denote areas. By area addition, we set up an equation for
T
3z 4x 5-2

[Red Triangle]+[Yellow Triangle]+[Green Triangle] = [Field]7+7—|—7 =6,

from which x = % Therefore, the answer is

[Field] — [S]  6—a2 [145

[Field] 6 147 |

19. (2014 AMC 10A #23) A rectangular piece of paper whose length is
/3 times its width has area A. The paper is divided into three equal sections
along the length, and a dotted line is drawn connecting dividers on opposite
sides. The paper is folded flat along this dotted line to create a new shape with
area B. What is the ratio %?

14



Find the midpoint of the dotted line. Draw a line perpendicular to it. From
the point this line intersects the top of the paper, draw lines to each endpoint of
the dotted line. These two lines plus the dotted line form a triangle which is the
double-layered portion of the folded paper. WLOG, assume the width of the
paper is 1 and the length is v/3. The triangle we want to find has side lengths

2
2v3 2
= i, and @ +1= ﬁ It is an equilateral
3 3 3
23 )
' 3
triangle with height £ V3 =1, and area ST = % The area of the
2
paper is 1-1/3 = /3, and the folded paper has area /3 — V3 ﬁ The

3 3
ratio of the area of the folded paper to that of the original paper is thus

20. (2002 AMC 12B #20) Let AXOY be a right-angled triangle with
/XO0Y =90°. Let M and N be the midpoints of legs OX and OY, respectively.
Given that XN =19 and Y M = 22, find XY

X X
19
X X
J v ¥ ‘ ¥ ¥

Let OM =z, ON = y. By the [[Pythagorean Theorem]] on AXON, MOY
respectively,

(22)° +4° = 19%2° + (2y)* = 22°

Summing these gives 522 + 5y? = 845 = 2% + y? = 169.
By the Pythagorean Theorem again, we have

(22)2 + (2y)? = XY? = XY = \/4(2? + y?) = \/4(169) = V676 =] 26].

15



21. (2015 AMC 12A #20) Isosceles triangles T and T’ are not congru-
ent but have the same area and perimeter. The sides of T have lengths 5, 5,
and 8, while those of T” have lengths a, a, and b. Find b. The area of T is

1 . .
3 8 -3 = 12 and the perimeter is 18.

1/ b
The area of T" is §b a? — (5)2 and the perimeter is 2a + b.
Thus 2a + b = 18, so 2a = 18 — b.

1,/ b
Thus 12 = b at(i)?, so 48 = bVda? — b2 = b\/(18 —b)2 — 12 =

bv/324 — 36b.
We square and divide 36 from both sides to obtain 64 = b%(9 — b), so
b3 — 9b% + 64 = 0. Since we know b = 8 is a solution, we divide by b — 8
1++33 1+6
2 < 2

to get the other solution. Thus, b2 —b—8 =0, so b =
The answer is .

22. (2001 AIME I #4) In triangle ABC, angles A = 60° and B = 45°.
The bisector of angle A intersects BC' at T', and AT = 24. The area of triangle
ABC can be written as a + by/c, where a, b, and ¢ are positive integers, and ¢
is square-free. Find a + b + c.

= 3.5.

c

|
|
|
l
|
|
<
A 12 D 12v/3 B

By 30-60-90 triangles, AD = 12 and CD = 12+/3.

We also notice that AC' DB is an isosceles right triangle. C'D is congruent
to BD, which makes BD = 124/3. The base AB is 12+ 12\/?:, and the altitude
CD = 12v/3. We can easily find that the area of triangle ABC is 216 + 72v/3,
soa+b+c=

16



