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Geometry of Masses, Lesson 2

A vector is a directed segment or arrow.

A

B

−→v −→v =
−→
AB

For the vector −→v =
−→
AB, the point A is called initial and the point B is

called terminal. Two vectors, −→v =
−→
AB and −→w =

−−→
CD are considered equal

if the quadrilateral ABDC is a parallelogram.

A

B

−→v

C

D

−→w
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Physical forces, such as gravity and the electric force are vectors in 3D.
The direction of a vector shows the direction in which the corresponding
force is acting. The length of the vector shows the strength of the force.

Problem 1 On the picture below, draw the vectors of the gravitational pull
the Earth exerts on you and on the author of these notes. Assuming that Oleg
is twice as heavy as you are, how do you show it by means of the gravitational
pull vectors on the picture?

Earth

center

Oleg

Me

Velocities of motion are vectors, too. The direction of the velocity vec-
tor shows the direction in which the body in consideration is moving at the
moment. The length of the velocity vector is called speed. It shows how fast
the body is moving at the moment.

Problem 2 The truck on the picture below is going 30 mph. The car on the
same picture is speeding at 90 mph the opposite way. Draw the corresponding
velocity vectors.
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Velocities and forces of the real world are vectors in 3D. For simplicity,
we begin our study of vectors from two dimensions. Everything we are going
to learn about vectors in the Euclidean plane will be valid in any Euclidean
space of higher dimension, three, four, etc., with the only exception for the
dimension itself.

Addition of vectors

To find the sum of two vectors, −→v and −→w , one needs to take −→w so that
the initial point of −→w coincides with the terminal point of −→v . The vector
originating at the initial point of −→v and terminating at the terminal point
of −→w is the sum −→v +−→w .

−→v

−→w

−→v +−→w

Zero vector

A vector that has coinciding initial and terminal points is called the zero
vector and is denoted as

−→
0 . According to the above definition of the vector

addition,
−→v +

−→
0 =

−→
0 +−→v = −→v (1)

for any vector −→v .

Opposite vectors

The vector −→w such that −→w + −→v =
−→
0 is called opposite to −→v and is

denoted as −−→v . The vector −−→v lies either on the same straight line as −→v
or on a parallel one, has the same length as −→v , but points in the opposite
direction. Please see the picture at the top of the next page.
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−→v

−−→v

Here is an important example of an opposite vector. When you stand
still, the floor pushes you up with the force opposite to the force of the grav-
itational pull, a.k.a. weight.

weight

floor reaction

The opposite vectors add up to zero, hence you don’t move. As opposed
to the picture above, the initial point of both vectors is the same. It is the
center of mass of the depicted person. Should there be a non-zero arm, the
person would be rotating, not standing still, even though the sum of the
vectors is zero.

The following is the last thing to mention about the opposite vectors.
The formula −→w −−→v is defined as −→w + (−−→v ) for any vectors −→v and −→w .

−→w −−→v = −→w + (−−→v ) (2)

Commutativity of vector addition

Addition of vectors is commutative. In other words, −→v +−→w always equals
to −→w +−→v .

−→v +−→w = −→w +−→v (3)
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Consider the below parallelogram ABCD.

A

B

−→v

C

D

−→v

−→w

−→w

According to our definition of a vector,
−→
AB =

−−→
CD = −→v and

−→
AC =

−−→
BD =

−→w . The initial point of both vectors −→v +−→w and −→w +−→v is A, their common
terminal point is D, hence addition of vectors is commutative.

Addition of vectors is also associative:

(−→u +−→v ) +−→w = −→u + (−→v +−→w ) (4)

Finally, vectors can be multiplied by numbers. Multiplication of a vector
−→v by a number c > 0 stretches the vector c times, but does not change its
direction. Multiplication of a vector −→v by a number c < 0 stretches the
vector c times and reverses its direction to the opposite. Zero times any
vector is the zero vector. Finally, multiplication of vectors by numbers is
distributive:

c(−→v +−→w ) = c−→v + c−→w (5)

Vectors are a very powerful tool.

Example 1 Prove that diagonals of a parallelogram split each other in halves.

Consider the parallelogram ABCD at the top of the next page. Let
−→
AB =

−→v and
−→
AC = −→w . Let M be the midpoint of the diagonal AD. To prove the

statement, we need to show that the diagonal CB also passes through M and
that |CM | = |MB|.
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A

B

−→v

C

D

−→v

−→w

−→w

M

According to the definition of vector addition (a.k.a. the parallelogram

rule),
−−→
AD = −→v +−→w . Hence,

−−→
AM = .5(−→v +−→w ).

According to the definitions of an opposite vector and of vector addition,−−→
CB = −→v −−→w . Hence, the vector that originates at C and terminates at the
midpoint of the diagonal CB is .5(−→v −−→w ). Let us add up −→w and this vector.

−→w + .5(−→v −−→w ) = .5(−→v +−→w ) =
−−→
AM

In other words, if we first walk along the vector
−→
AC and then continue along

the vector that originates at C and terminates at the midpoint of the diagonal
CB, we end up at M , the midpoint of the diagonal AD. Therefore, the
midpoints of the diagonals coincide.

Problem 3 Use geometry of masses to give a different proof to the statement
of example 1.
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A vector −→v = a
−→
i + b

−→
j , where a and b are numbers, is called a linear

combination of the vectors
−→
i and

−→
j .

Problem 4 Use vectors instead of geometry of masses to prove that medians
of a triangle meet at one point that splits each of them in the ratio 2:1,
counting from the vertex. For that, set

−→
i =

−→
AB and

−→
j =

−→
AC

and express all other vectors as linear combinations of
−→
i and

−→
j .

A B

C

MB MA

MC
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Let (P1,m1), (P2,m2), . . . , (Pn,mn) be a system of point masses where Pi

are the points and mi are the masses, i = 1, 2, . . . , n. Generalizing the lever
rule, let us call the point C the center of mass a.k.a. the centroid of the
system, if

m1
−−→
CP1 +m2

−−→
CP2 + . . .+mn

−−→
CPn =

−→
0 . (6)

Problem 5 Let D be any point in space and let C be the center of mass of
the system (P1,m1), (P2,m2), . . . , (Pn,mn).

• Show that
−−→
DC =

m1
−−→
DP1 +m2

−−→
DP2 + . . .+mn

−−→
DPn

m1 +m2 + . . .+mn

. (7)

• Conversely, show that if (7) is true for any point D in space, then C is
the center of mass of the system.
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Corollary 1 Any system of point masses has a unique center of mass.

Indeed, both the existence and uniqueness of C follow from formula 7.

Problem 6 Given
−−→
BC = 0.7

−→
BA, what masses should one place at the points

A and B so that the center of mass of the system is at C? Are the masses
determined uniquely?

Problem 7 Let C1 and C2 be the intersection points of the medians of the
triangles P1P2P3 and Q1Q2Q3. Show that

−−−→
C1C2 =

−−−→
P1Q1 +

−−−→
P2Q2 +

−−−→
P3Q3

3
.
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Problem 8 Let (P1,m1), (P2,m2), . . . , (P5,m5) be a system of point masses
such that the points P1, P2, . . . , P5 are vertices of a regular pentagon and the
masses m1 = m2 = . . . = m5 = 1. Show that the centroid of the system
coincides with the center of the pentagon’s circumcircle.

P1

P2

P3

P4

P5

Problem 9 Let (P1,m1), (P2,m2), . . . , (Pn,mn) where n is an integer greater
than two be a system of point masses such that the points P1, P2, . . . , Pn are
vertices of a regular n-gon and the masses m1 = m2 = . . . = mn = 1. Show
that the centroid of the system coincides with the center of the polygon’s
circumcircle.
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Problem 10 Given
−→
OC = 1

2
(
−→
OA +

−−→
OB), what masses should one place at

the points A and B so that the centroid of the system is at C?

Problem 11 Given
−−→
P1C = 5

13

−−→
P1P2 +

8
13

−−→
P1P3, show that for any point Q in

the space,
−→
QC =

5

13

−−→
QP2 +

8

13

−−→
QP3.

Problem 12 The point C is the centroid of the system of point masses (A,α)
and (B, β). Find the ratio AC ÷ CB.

Answer: AC ÷ CB =
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Problem 13 ABCD is a square with the side length a. Given that

−→
PA+ 3

−−→
PB + 3

−→
PC +

−−→
PD =

−→
0 ,

find the distance d from the point P to the center O of the square.

Answer: d =

Problem 14 In the blank space below, draw a quadrilateral such that its
diagonals do not intersect.

A midline of a quadrilateral is the line connecting centerpoints of two
opposite sides of the quad.

Problem 15 Show that the midlines of any quad intersect and that the
intersection point splits each of them in half.
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Problem 16 Show that any point P of the triangle P1P2P3 is determined
uniquely as the centroid of the system of the non-negative point masses (P1,m1),
(P2,m2), and (P3,m3) up to multiplication by a common non-zero factor.

The triple ratio (m1 : m2 : m3) is called the barycentric coordinates of the
point P .

Problem 17 Find barycentric coordinates of the following points.

• P1 =

• P2 =

• P3 =

• the midpoint of the line segment P1P2 =

• the common point of the medians =

13



How to explain what the center of mass is to a friend.

The center of mass of an object is the point that best represents the object
as the object moves through space.

Imagine that you are computing a flight path of a spaceship. Compared
to the vastness of space, the ship is just a point on the one hand. On the
other hand, the ship is much more than that to the crew members. It has
living quarters, engine compartment, etc. What would be the best point of
the ship to represent the ship’s motion?

To answer the question, let us mentally place the ship in a 3D grid, made
of cubes of side lengths ϵ. Note that ϵ is a Greek letter often used in math
to represent a tiny positive number. Further note that the letter N is often
used in math to represent a large positive integer. Let us number all the
cubes containing at least one molecule of the spaceship from 1 to N . Let mi

be the mass of the i-th cube and let Pi be the cube’s center. This way, one
can model the ship as a system of point masses, {(Pi,mi)}i=1,...,N . Note that

M =
∑N

i=1mi is the total mass of the ship.

As we have shown earlier in the handout, there exists only one point, C,

such that
N∑
i=1

mi
−−→
CPi =

−→
0 . The system will have a non-zero torque

N∑
i=1

mi
−−→
PPi =

N∑
i=1

mi

(−→
PC +

−−→
CPi

)
= M

−→
PC

for any point P ̸= C. Hence, considering the spaceship as a point, we should
use C as the initial point for all the force vectors acting on the ship.
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