
HYPERBOLIC GEOMETRY

LAMC HIGH SCHOOL 1

1. Models of Hyperbolic Geometry

Last week, we looked at some of the implications of geometries in which the first four
postulates:

(1) There is a unique line through any two points.
(2) Any line segment can be extended into a line.
(3) A circle can be determined from any center and radius.
(4) All right angles are equal.

We saw that some parts of Euclidean geometry still held, but others, like the sum of
the angles in a triangle, could be different without the fifth postulate. However, working
directly from the postulates, our theorems might not hold any weight; we might prove true
statements, based on a collection of postulates which cannot simultaneously hold, meaning
our proofs would have only been vacuously true.

Definition A Model for a set of postulates is a mathematical structure in which, given
some appropriate naming of the elements of the structure, all the postulates are true.

Problem 1 Pick some collection of axioms (for example, associativity and commutativity
of addition) and give a model for your chosen axioms.

Our goal for today will be to look at some examples of models for the postulates of
Hyperbolic Geometry (the first 4, as well as the “hyperbolic parallel postulate,” that for any
line and point, there is more than one line through that point parallel to the line).
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Definition The Poincare Disk is a geometric model that consists of the following com-
ponents:

• The points are the interior points of a unit disk (that is, points (x, y) in the plane
such that x2 + y2 < 1)
• The lines are any circle that intersects the unit circle in right angles at both points

of intersection, as well as any line through the origin.
• Angles are the same as in regular Euclidean geometry.

Problem 2 (this means you need to check all 5 axioms; some are easier than others to
confirm).

Definition The hyperbolic disk distance between two points in the Poincare disk is
defined as follows; if A,B are points inside the disk, the hyperbolic line through A and
B intersects the boundary at P and Q, and AP,AQ,BP,BQ are the Euclidean distances

between those points, then dD(A,B) = log|AP/AQ
BP/BQ

|.
Problem 3 Prove that it doesn’t matter which boundary point we call P and which we

call Q (i.e. if we switch them, we get the same distance).

Problem 4 Show that if O is the origin, and A is a point at Euclidean distance r < 1
from O, then dD(A,O) = log 1+r

1−r
.



Problem 5 What is the distance from a point in the Poincare disk to the boundary
circle? (You don’t need to prove this answer, just give persuasive evidence.)

Definition The Poincare Upper Half-Plane is a geometric model that consists of the
following components:

• The points are the points in the plane with positive y-component.
• The lines are any circle that intersects the x-axis in right angles at both points of

intersection, as well as any vertical line.
• Angles are the same as in regular Euclidean geometry.

Problem 6 Verify that this, too, is a model of hyperbolic geometry.

Definition The hyperbolic half-plane distance between two points in the Poincare up-
per half-plane is defined as follows; the distance between points (x1, y1) and (x2, y2) is

dH((x1, y1), (x2, y2)) = arcosh(1 + (x2−x1)2+(y2−y1)2

2y1y2
), where for any number z ≥ 1, we de-

fine arcosh(z) = ln(z +
√
z2 − 1).

Problem 7 Compute the following distances, and explain the results:

• dH((0, 10), (1, 10))
• dH((0, 2), (1, 2))
• dH((0, 1), (1, 1))



2. Challenge Problems

Problem 8 Consider the complex function f : C→ C given by f(z) = z−i
z+i

.

• Show that f maps the upper half plane to the unit disk.

• Show that f maps the “lines” of the Poincare half-plane to the “lines” of the Poincare
disk.

• Show that f , as a map from the Poincare half-plane to the Poincare disk, preserves
distances (that is, dH(A,B) = dD(f(A), f(B)))

• Show that f preserves angles (it’s okay to give a non-rigorous answer to this part).

This means that, while visually different, our two models of hyperbolic space are
really the same.



Problem 9 The Klein disk is the set of points in the disk, with lines actual lines
intersecting the circle twice; is this a model of hyperbolic geometry?

Problem 10 Prove that a circle in the Poincare disk is precisely a Euclidean circle
contained within the disk. What can you say about their respective centers?

Problem 11 Show that the area of a hyperbolic triangle ABC is π − ∠A− ∠B − ∠C,
where all angles are measured in radians (hint: try this for right triangles first. Remember
that the area of a triangle is 1/2*base*height, and both base and height are measured using
hyperbolic distances.)


