
SUCCESSIVE DIFFERENCES

BEGINNER CIRCLE 2/10/2013

1. SHAPE NUMBERS

We all know about the numbers. But what about the numbers that arise from looking
at different shapes. For instance we have the line numbers:

which are easy to compute– the nth line number is just n. We also have the square
numbers

which are also fairly easy to compute: the nth square number is just n2. But what
about the triangular numbers
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or the pentagonal numbers

and so on? Can you find closed formulas for these?

Problem 1. Using the formula for the area of a triangle, find an approximation for
the triangular numbers. Can you make this approximation better? Explain your
method in full sentences.

Using the base times height formula, we first arrive at the approximation
n2

2

However, this is not quite right, and the formula
(n)(n+ 1)

2

works much better.

Problem 2. What is the difference between the 4th triangular number and the 5th
triangular number. What about the 5th and 6th? What about the nth and n + 1th?
Why?

The difference between the 4th and 5th triangular number is 5, and the difference
between the nth and n+ 1th is n+ 1. The reason is that every time we make a bigger
triangular number, we add another row to the bottom of our triangle, of length one
greater.

Problem 3. Using the previous problem as inspiration, write each triangular number
as the sum of smaller line numbers. Explain why your formulation works in full
sentences.

We can write the nth triangular number as

1 + 2 + 3 + . . .+ n
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, as each triangle is the sum of rows of increasing lengths.

Problem 4. Take each pentagon in the pentagonal numbers and break it down into
several smaller triangles. Can you represent the pentagonal numbers as a sum of
triangular numbers?

One way to take the pentagons and break them into smaller triangles is to break it
into a n triangle on the bottom, and 2 n− 1 triangles on the sides. It’s kind of hard to
see, but try drawing out a few more pentagonal numbers and the pattern will become
apparent.

Problem 5. What is the difference between the 4th and 5th pentagonal numbers?
What about the 5th and 6th? Can you find a pattern? Explain in full sentences

As you can see, each time we add a new layer to the pentagon we end up adding 3n−2
new dots– n for each side added, but two of the sides share corners so we have to
subtract those off.

Problem 6. Using your pattern in the problem above, find all of the pentagonal num-
bers up to the 8th pentagonal number.

One can either try drawing out all of the pentagonal numbers, or one can merely add
3n − 2 each time to the pentagons. With this process, one sees that the pentagonal
numbers are

1, 5, 12, 22, 35, 51, 70, . . .

Problem 7. Draw a few pictures of what the hexagonal numbers should look like.
Use the same methods as in the previous 3 problems to find all of the hexagonal
numbers up to the 6th hexagonal number.
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We do the same thing here, except with the hexagonal numbers, we add a total of
4n− 3 new dots every single time we add a new side. This means that the hexagonal
numbers are

1, 6, 15, 28, 45, 66, . . .

Problem 8. The tetrahedral numbers are given by little pyramids with triangular
bases. Can you write each tetragonal number as a sum of triangular numbers? Write
an explanation in full sentences.

Each of the tetrahedral numbers is the sum of the smaller triangular numbers, as
each tetrahedron is a stack of triangles of increasing side length. For instance, the
4th tetrahedral number is given by

1 + 3 + 6 + 10 = 20

Problem 9. Using the problem above as motivation, find all of the tetrahedral num-
bers up to the 7th one.

To do this problem, you first need to compute the triangular numbers, and then sum
them up. The first few tetrahedral numbers are

1, 4, 10, 20, 35, 56, . . .
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Problem 10 (Bonus). The Gooey Kablooie numbers are given by the pictures below.
Use the techniques that you have developed in the previous 5 problems to figure out
what the 8th Gooey Kablooie number is.
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2. SUCCESSIVE DIFFERENCES

In the warm up , we looked at sequences of numbers and tried to figure out the pattern
to the sequence. Sometimes, it is really easy for us to figure out the pattern: for
example, we all know how to figure out every number in the pattern

2, 4, 6, 8, . . .

In fact, we can do even better than just figure out every number in the pattern, we
can provide a formula that computes the nth number

2n

One way to identify a pattern is to look at the successive differences of the numbers
in the pattern. Let’s give some language to describe these patterns.

Definition 1. A sequence is a bunch of numbers that come in a particular order.
When we talk about the whole sequence, we will use a capital letter. For example the
sequence of even numbers might be written as

E = 2, 4, 6, 8

When we want to refer to a specific part of this sequence, we will write the part of the
sequence that we want to talk about using lowercase letters. For example,

e1 = 2

e5 = 10

en = 2n

Definition 2. If we are given a sequence

A = a1, a2, a3, . . .

we define the difference sequence of A (which we will write dA) to be the sequences
of all the differences of A. For example, if my sequence A is

A = 2, 3, 5, 8, 9, 9, 9, 9, . . .

then
dA = 1, 2, 3, 1, 0, 0, 0, . . .

Formally, the sequence dA is given by entries

bi = ai+1 − ai
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Problem 11. Let N be the sequence of numbers,

N = 1, 2, 3, 4, . . .

. What is dN?

The successive difference sequence is

1, 1, 1, 1, . . .

as each two number differ by 1.

Problem 12. Let S be the sequence of square numbers,

S = 1, 4, 9, 16, . . .

What is dS?

The successive difference sequence is

3, 5, 7, 9, . . .

, that is, the odd numbers missing 1.

Problem 13. Find all the sequences A have the property that

dA = 0, 0, 0, 0, . . .

The only such sequences are the constant sequences, such as

5, 5, 5, 5,

Problem 14. Frequently, we will want to take the difference of a sequence several
times. Let T be the sequence of triangular numbers (from the warm-up.) What is dT ?
What about ddT ?
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As discussed in the warm-up, the successive differences of the triangular numbers id

dT = 1, 2, 3, 4, 5, . . .

, the natural numbers. The difference of differences is given by the problem earlier,
which is

ddT = 1, 1, 1, 1, 1 . . .

Problem 15. Let A be a sequence. Suppose that I know that a1 = 0, and I know that
dA = T , where T are the triangular numbers. Can you find the a5, the fifth entry of
the sequence A?

Yes, these are exactly the tetrahedral numbers, so the sequence goes

A = 1, 4, 10, 20, 35, . . .

Problem 16. Let S be the sequence of square numbers. Prove that dS = O, where O
is the sequence of odd numbers.

How do we prove this fact? Well let us look at two differing members of the sequence,
n2 and (n+ 1)2. Then

(n+ 1)2 − n2 = n2 + 2n+ 1− n2

= 2n+ 1

which of course generates the sequence of odd numbers.

Problem 17. We’ve noticed that with the triangular numbers T , that dddT = 0, and
with the square numbers, dddS = 0 (Where 0 means the sequence of all zeroes.) Show
that the sequence of cubic numbers C have the property that

d4 = ddddC = 0

(Hint: There is a faster way that computing ddddC)
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Notice that dC = 3S + 3N + 1, the sequence of square numbers, as
(n+ 1)3 − n3 = n3 + 3n2 + 3n+ 1− n3

= 3n2 + 3n+ 1

and that sequence has the property that d of it 3 times is 0.

Problem 18. Can you find a (non-zero) sequence such that dF = F ?

Take for instance, the sequence
2, 4, 8, 16, 32, . . .

Then dF = F

Problem 19. Can you find a (non-zero) sequence where ddF = F ?

Obviously, the sequence of 2n will work again, as if dF = F , then certainly
ddF = dF = F

Problem 20. Find a (non-zero) sequence that has the property that
dF = Fwith all the numbers shifted to the right by one place

Take the sequence
1, 1, 2, 3, 5, 8, . . .

or any other Fibonacci type of sequence.
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3. POLYNOMIALS

First off, what is a polynomial?

Definition 3. A polynomial f(n) is an equation made multiplying and adding to-
gether numbers, and powers some variable n. For instance, the following are all
polynomials:

n2 + 2; 22n+ 34n35
347928

2837
(n2 + 1)(n+ 5)

Definition 4. The degree of a polynomial f(n) is the highest exponent that appears
in the polynomial when the polynomial is multiplied out. For instance

n3 + 2n+ 6

has degree 3, while the polynomial

(n4 + 2n)(n2 + 1)

has degree 6

One convenient way to make sequences is with polynomials. For example we have
already seen the sequence of squares, given by

sn = n2

and the sequence of triangular numbers, which is given by

tn =
1

2
n2 +

1

2
n

Our question is, which sequences are given by a polynomial?

Problem 21. Find 3 polynomials that give the sequences of Odd (0), Even (E), and
Threeven (S) numbers respectively:

O = 1, 3, 5, 7, 9, . . .

E = 2, 4, 6, 8, 10, . . .

P = 3, 6, 9, 12, . . .

The polynomials that give these three sequences are

on = 2n+ 1

en = 2n

and
sn = 3n

respectively.
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Problem 22. Can you find a polynomial that fits the sequence
A = 1, 0, 1, 4, . . .

The polynomial
(x− 2)2

works to fit this equation.

Problem 23. Can you find a polynomial that fits the sequence
A = 1,−1, 1, 15, . . .

Through a lucky guess, you may find that the solution is
2(x− 2)2 − 1

As you can see, it is quite hard to find the polynomial that fits a certain number of
points! However, it is quite easy to find out sequences by looking at differences.
Problem 24. Let A and B be two different sequences. Define the sum sequence to
be the sequence where each of their entries is summed together. For example of the
sequences

A = 1, 3, 2, 5, 4, . . .

B = 1, 1, 2, 2, 3, . . .

A+B = 2, 4, 4, 7, 7, . . .

Can you show that
d(A+B) = dA+ dB

First off, let us call the sequence A+B = C. Then dC has entries
dC = ci+1 − ci

= (ai+1 + bi+1)− (ai + bi)

= (ai+1 − ai) + (bi+1 − bi)

which is of course, the sequence dA+ dB.
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Problem 25. Let P be a sequence given by a polynomial of degree 2 (that is,
pn = f(n) = an2 + bn+ c

for some quadratic polynomial n). Show that dP is given by a polynomial of degree 1.

Taking a successive difference yeilds
pn+1 − pn = (a(n+ 1)2 + b(n+ 1) + c)− (an2 + bn+ c)

= an2 + 2an+ a+ bn+ b+ c− an2 − bn− c

= 2an+ a+ b

which is a polynomial of degree 1 in n.

Problem 26. Let P be a sequence given by a polynomial of degree k. Explain in a few
sentences why dP is given by a polynomial of degree k − 1.

This works because when you distribute a(n + 1)k and substract off ank, the highest
degree terms cancel out, and so you are left with a polynomial of one lower degree.

Problem 27. Let P be a sequence given by a polynomial of degree n. Show that
dnP = ddd . . . dddP = 0,

where 0 is the sequence of all 0.

If every polynomial is taken to a polynomial of 1 degree lower, and all polynomials
of degree 0 are taken to the constant sequence, then all polynomials eventually get
taken to a constant 0 polynomial.

Problem 28. Suppose I know that the sequence P starts as
2, 5, 8

and I know that
ddP = 0

Can you find the rest of the entries of P
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