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In this homework, you have only one task. We would like you to write out a complete
derivation of the main theorems about similar triangles, starting only with properties
of congruent triangles, parallelograms and other objects we have studied previously. In
essence, your text should be a combination of the solutions to L5.5, L6.5, L7.1 and
proofs of theorems 1, 2 from lesson 8. Try as best as you can to make your writing a
single coherent text which would serve as a good introduction to similar triangles to the
reader previously unfamiliar with them. All the steps and problems you have to use have
already been discussed in class at the board. Below we repeat the problem statements of
the problems you need to use as steps for your convenience. You are allowed to simply
state that the intercept theorem for rational ratios implies one for all real rations without
further explanation.

Problem 1 (L5.5).

Let M be the midpoint of the side AB of AABC. Consider the line through M which is
parallel to AC, and suppose it intersects BC' at point P. Show that P is the midpoint
of BC. Hint: consider the line through P parallel to AB and its intersection with AC.

Problem 2 (16.5).

Consider two rays r, £ out of point O, a segment AB on r and point C' on ¢. Let M be
the midpoint of AB, let D be the intersection of ¢ and the line through M parallel to
AC and let E be the intersection of ¢ and the line through B parallel to AC'. Show that
D is the midpoint of C'E.

Problem 3 (L7.1, Intercept Theorem).
a) Consider two rays r, ¢ out of point O and distinct points Ay, ..., A, on r such that

A1A2 - A2A3 = ...= AnflAn

Show that if By, ..., B,, are points on £ such that the lines A;B; are parallel to each other
for all 1 <17 <mn, then
BBy =ByBs=...=B,_1B,

Hint: We proved the case n = 2 last week in problem L6.5. For the general case, use the
statement for n = 2 to show that B; By = By Bs, then use it to show that BoBs = BBy,
and so on to conclude the problem.

b) With O,r, (¢ as in part a), let A, B, C be points on r such that AB/BC' is an integer.
Show that if A, B',C" are points on ¢ such that AA’ | BB’ || CC’, then A’'B'/B'C" =
AB/BC.

Hint: let AB/BC = n. Set up points Ay, ..., A,_1 on AB such that

AA) = A Ay =...=A,1.B=BC
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then use part a).

c) Same as part b), except AB/BC is rational.
Hint: if AB/BC = m/n, add some extra points on both the segment AB and the segment
BC' similarly to part b), then use 1a).

Theorem 1 (Lesson 8, Theorem 1).
Triangles AABC and AA'B'C’ are similar if and only if

AB  BC  AC
A'B" B'C' A

In other words, they have the same ratio of sides. This common ratio is called the
simalarity ratio.

Theorem 2 (Lesson 8, Theorem 2).
Triangles AABC and AA'B'C" are similar if and only if /BAC = /B’A'C" and

AB _ AC
AB T~ AC

In other words, they share an angle and have the same ratio of sides adjacent to that
angle.

Problem 4 (L8.1).
In lecture we proved theorem 1. Now you need to prove theorem 2. Here are the suggested
steps. If the triangles are already similar, you may use the already proven theorem 1 or

the intercept theorem to get the condition on the ratios of sides. The more difficult
direction is to show that if /BAC = /B’A'C" and

AB  AC
AB ~ AC

then the triangles are similar. To show this, you should mimic the proof of theorem
1. More concretely, consider consider the triangle AABC and mark the point M on
the ray AB such that AM = A’B’. Then draw a line through M parallel to BC, and
let N be the intersection of this line with the ray AC. Show that AABC ~ AAMN,
then use the intercept theorem to show that AN = A'C’. From there deduce that
ANAMN = AA'B'C’, and conclude the proof.



