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Homework

Problem 1.
100 coins of different sizes are lined up in a row from smallest to biggest, and it is allowed
to switch two coins if there is exactly one coins between them. Is it possible to put all
the coins in the reverse order from biggest to smallest using such operations?
Problem 2.
Consider two rays out of point T forming an angle α, and two points A, B inside the
angle. Construct a circle which passes through A and B and intersects the two rays at
points X, Y such that T X = T Y . You may assume that such a circle exists for a given
configuration of A, B, T and α.
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Reading

Solution 1 (H3.1).
Consider the parity of the sum of all numbers on the board. When we replace two numbers
with their difference, the numbers x and y are replaced by x − y. The contribution to
the sum of all numbers changes from x + y to x − y, so it changes by 2y. This is an even
number, which means that the parity of the sum of all numbers is indeed an invariant.
Let us compute this invariant at the initial and final states. At the final state, we just
have 0, so the parity is even. Initially we have
1 + 2 + . . . + 1998 =

1998 · 1999
= 999 · 1999
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which is odd. One can also see that the sum is odd by noticing that there are exactly 999
odd numbers in the sum. Regardless, the invariant values at the initial and final states
are different, which means it is impossible to achieve the final state from the initial one.
Solution 2 (L3.4).
Pick three arbitrary points A, B, C on the circle. If O is the center, we know that
AO = BO = CO. Thus O lies both on the perpendicular bisector of AB and on the
perpendicular bisector of BC. We can construct those perpendicular bisectors, and then
intersect them to find O.
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