Logic Gates!

Early Elementary Math Circle

Computers are made out of devices called “logic gates”. In this
handout we’ll learn what logic gates are and what they do.

1 And gates

1. If you combine two true statements using the word “and”, is
the new statement true or false?

For example, the statements “grass is green” and “the sky is
blue” are both true. Is the following statement true or false?

Grass is green.  and  the sky is blue,
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2. If you combine a false statement and a true statement using
the word “and”, is the new statement true or false?

For example;

Grass is blue  and  the sky is blue,
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3. If you combine a true statement and a false statement using
the word “and”, is the new statement true or false?

For example:

Grassisgreen and  the sky is green.
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4. If you combine two false statements using the word “and”, is
the new statement true or false?

For example:

Grass is blug  and the sky is green.
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5. Fill in the following table summarizing your answers above.

Statement 1 | Statement 2 | Statement 1 and Statement 2
False False ! Falce
False True ! False
True False 7 Folse
True True 7 Ty




Figure 1. An “And gate” made out of Legos.

An “And gate” is a device that takes two inputs and gives you
one output. Each input has two possible values: “True” and “False” .
The output has the value “True” if the first input is True and the
second input is True. Otherwise, the output has the value “False”.

Figure 1 shows an “And gate” made out of Legos. Notice the
two inputs on the left. If an input rod is pushed inwards, then that
mput has a value of “True”. If an input rod is not pushed inwards,
then that input has a value of “False”. In Figure 1, both inputs have
a value of “False”. (In this picture, the number 0 is used as a short
way of writing “False”.)

Normally “And gates” are made out of tiny devices called tran-
sistors. A real “And gate” in a computer is so small that it can’t be
seen without a powerful microscope. However, you can make them
out of Legos also.




An “And gate” is drawn on paper like this;
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In this picture, the first input has the value “True” (“T” for short)
and the second input has the value “False” (“F” for short).

6. What is the output of the And gate in the picture above? Write
the correct output on the picture. Y

7. What are the outputs of the following And gates?
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8. Fill in the missing inputs on the following And gates:

T =7
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Multiple And gates can be combined by feeding the output of one
And gate into the input of another And gate. For example:
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This combination of And gates is an example of a “logic circuit”.

9. What is the output of the above logic circuit?
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10. What is the output of the following logic circuit?
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What values should the three inputs have in order for the out-
put to have the value “True”?

T, T, T




11. Fill in the table below with the correct output values for this
logic circuit:

Tnput 1

Tnput 2
Input 3 Qutput

Input 1] Input 2 | Input 3 | Output
F F F 7R
F F T [ =
F T F =
F T T 7
T F F 7o
T F T T E
T T F 7 F
T T T 7T

12. What is the output of the following logic circuit?
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13. Fill in the missing inputs in the following logic circuits:

s | B
D 1

P

2 Or gates

1. If you combine a true statement and a false statement using
the word “or”, is the new statement true or false?

For example, the statement “the sun is a star” is true, and
the statement “the moon is a star” is false. Is the following
statement true or false?

Jdhesunisastar or  the moon is a star,
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2. If you combine a false statement and a true statement using
the word “or”, is the new statement true or false?

For example:

Jhe moon is a star or  ghe sun is a star,
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3. If you combine a false statement and a false statement using
the word “or”, is the new statement true or false?

For example:

dhe moon is a star or  the sun is a planet.
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4. Tf you combine two true statements using the word “or” is the
new statement true or false?

For example:

dhesunis astar or  the earth is a planet,
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Warning! ‘The way mathematicians use the word “or”,
the above statement is considered to be true.

In other words, when mathematicians make a statement like
“A is true or B is true”, they mean that either A is true, or B
is true, or posstbly both A and B are true.

This is not always the way people use the word “or” in every-
day speech.

5. Fill in the following table summarizing your answers above.

Statement 1 | Statement 2 | Statement 1 or Statement 2
False False 7 Rulce
False True ? Thue
True False P T e
'True True [
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Figure 2: An “Or gate” made out of Legos. In computers Or gates
are made out of “transistors” and are extremely tiny, about 1/1000
the width of a human hair. Notice that one input rod on the left
is pushed inward, signifying “True”, and the other input rod is not
pushed inward, signifying “False”.

An “Or gate” is a device that takes two inputs and gives you one
output. Fach input has two possible values: “True” and “False”.
The output has the value “True” if either the first input is True or
the second input is “True”. (If both inputs are True, then the output
is True — remember the warning above.) Otherwise, the output has
the value “False”.

An “Or gate” is drawn on paper like this:

7T
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In this picture, the first input has the value “True” (“I™ for short)
and the second input has the value “False” (“F” for short).

6. What is the output of the Or gate in the picture above? Write
the correct output on the picture.

7. What are the outputs of the following Or gates?
0 F T
") DF 20 T T

8. Fill in the missing inputs on the following Or gates:

F T
= F . T

9. What is the output of the following logic circuit?

iDjiD?T
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3 Not gates

1. If you modify a true statement using the word “not”, is the
new statement true or false? For example, the statement “ice
is solid” is true. Is the following statement true or false?

Ice is not solid. }:01 / fe

2. If you modify a false statement using the word “not”, is the
new statement true or false? For example, the statement “ice
is liquid” is false. Is the following statement true or false?

Ice is not liquid. Tme

3. Fill in the blanks: When you modify a statement using the
word “not”, then irue statements become false and false
statements become true .
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A “Not gate” is a device that takes one input and gives you one
output. The input has two possible values: “True” and “False”. The
output has the value “True” if the input is “False”, and the output
has the value “False” if the input is “True”.

A “Not gate” is drawn on paper like this:

T~>?F

In this picture, the input has the value “True” (“T” for short)

4. What is the output of the Not gate in the picture above? Write
the correct output on the picture. =

5. Fill in the missing input in the following Not gate:

R
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4 Logic Circuits
We can combine And, Or, and Not gates to make more complicated
logic circuits,

1. What are the outputs of the following logic circuits?
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(In the last example, each input is fed into both an And gate
and an Or gate.)

|
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3. (Challenge) Design a logic circuit that has two inputs and one
output, and obeys the following rules:

e The output is “Irue” if exactly one (not both) of the
inputs 1s true.

e Otherwise, the output is “False”.

This logic circuit is called an “Exclusive Or gate”.

Hint: a single input can be fed into more than one logic gate.
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5 A “Universal” logic gate

1. Complete the table below, which completely describes the be-
havior of an And gate.

Input 1
Qutput
Input 2

Input 1| Input 2 | Output
F F CE (L)
K T ! = (-pahe)
T F 7 ‘F_ (‘FG*(%)
L T ! 1 (+rme)

2. Complete the table below, which completely describes the be-

havior of an Or gate.
Input 1 D Output
Input 2

Input 1| Input 2 | Output
F F [
F T ? T
T F T T
T T 7T
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3. Complete the table below, which completely describes the be-

havior of a Not gate.
Input ~>y Outpul

Input | Output

4. Design your own logic circuit in the space below. You can use
And, Or, and Not gates. Make up inputs and figure out the
output or outputs.
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The logic circuit shown below is called a “Nand” gate:

I
nput 1 :D-_Dt' Output
Input 2
“Nand” is short for “Not - And”. A “Nand” gate consists of an

And gate followed by a Not gate.
To save writing in the future, there is a special symbol for a Nand

gate:
Input 1
Taput 2 Output

5. Complete the table below, which completely describes the be-
havior of a Nand gate.

Input 1| Input 2 | Qutput
F F T T
F T ? T
T F T T
T T TR
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In the next few exercises, our goal is to show that
any logic circuit can be made using only nand gates.

. 'The logic circuit below has one input and one output:

Input —E} Output

(The Input value is fed into both inputs of the Nand gate.)

Fill in the table below, which describes the behavior of this
logic circuit:

Input | Output

F 7T
T 7R

Compare this table with the table above that describes a Not
gate. What do you notice?

TL\Q HLIe; are I'Jt’m(-l‘-fm!.

Conclusion: A Not gate can be made out of a Nand gate !
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7. Complete the table below, which describes the behavior of this

logic circuit:
Input 2

(The output of the first Nand gate is fed into both inputs of
the second Nand gate.)

Input 1| Input 2 | Output
F F [N
F T [~
T F [
T T 7T

Compare this table with the table describing an And gate.
What do you notice?

Tlvey ore  ideat iy /

Conclusion: An And gate can be made out of N o gates!
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8. (Challenge) How can you make an Or gate using only Nand
gates?
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We have shown that And, Or, and Not gates can be made using
only Nand gates.

//

This means that any logic circuit whatsoever can
be made using only Nand gates!

For this reason, the Nand gate is said to be “Universal”.
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