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Probiene 1. Examine the figure below.

{1) How many lines of symmelry doeg the figure have?
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{2) How many symmetries does the figure have?
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{3} Why are your twe answers different?
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Wihat is symmetry?

A geometric object has symmetry if there is an operation that maps the object onfo
itself. We call such an operation a symmeiric eperation. Examples of such operations
are flips, rotations and translations.

In other words, a geometric object is said to be symmelric if, after applying the opera-
tion, the object is indistinguishable from itself before the transformation.

The definition of symmetry changes depending on how we define the operations and
what 1t means to be indistinguishable. For today’s handout, we will limit our opera-
tions to flips and rotations.

Froblem 2. Examine the symmetries of a square pyramid. For each of the operations
listed below, complete the picture by labeling the vertices of the base. Oune of them i
done for you already.

| Operation | Description of Operation| ~ Diagram B
e T B
ﬁﬁ; T Mf: T
! Identity (No Operation)
Ry 90° clockwise rotation
R, 180° clockwise rotation
Hs 270° elockwise rotation B




LAMC handout 3

Problemn 3. Examine the symmetries of a square. Notice that in addition to rotating
by a muitiple of 90°, we can alsoe flin the polygon along any line of symmetry.

[ Operation | Description of Operation | Diagram |
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Froblem 4. Symmetry operations of pyramids

{1) Describe or draw the symmetries of a triangular pyramid where the basze tri-
angle is an equilateral triangle. How many symmetries does thiz triangular

pyramid have? B
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{2) How many symmetries does a cone have?

Q) AT R D

{(3) How many symmetries does a pyramid with a base of an n-sided regnlar poly-
gon have?
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Problem 5. Symmetry operations of polygons

(1) Describe or draw the symmetries of a regular triangle. How many symmelries
does it have?
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(2) How many symmetries does a regular hexagon have?

R

(3) How many symmetries does a circle have?

SO By ravn et ries

{4) How many symmetries does an n-sided regular polygon have?

PAR

Problem & Draw the symmetries of a triangular prism. Assume the triangles are

equilateral triangles. There should be 6 symmetries in all.
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Closure of Symmetry operations

Problem 7. We say that a set of operations iz closed when any combination of op-
erations can be expressed as a single operation. We sometimes refer to composing
operations as the multiplication of operations.

For example, applying R; and then R, to a square is the same as applying Ry to o
square.

Verify that the set of symmetry operations on a square is closed by filling out the

multiplication table below. AP B oy

[ TR BB F Bl Fa | P |
D3] B @8y Talby |F Ca
By fe | Ra] Brls Can Tad B | Fu

L R TR DN A P L
AP Ry o) 3 1% [N €40 %a v lbw
LN L K L 2P I S R
I by | Fas Fu Yo R | o Ba |9,
Fo Al Ty Vedvy |Bal g ] 3 R
Faz g T [ Fed B s {Re | T

While we have not verified this, in fact, sets of symimeiry operations on a1l geometric
chijects are closed.

Froblem 8. Express the following combinations of operations on a square as a single
operation.

Mote 1: The operations are applied from right to left instead of left to right.

MNote 2: Another way we can express [ is [y. That is, Bq =7

W Fs BB g

(2) Fip - Ry- Ry Fy =

,,%M.,
7

(3) Fin - Fp F,- Ry — T«—fh
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(5) By R, where ¢ and b range from 0 to 3
Hint: Modular arithmetic

Q\ ooy Yeuach 4

Eguivalence and BEoguivalence Classes
We say that two objects are eguivalent under a symmetry if there is a symmetric
operation that can be applied to one object that results in the other object.

For example, the pizzas shown below are symmeirically equivalent because we can
apply a cleckwige rvotation of 180° to the first pizza to get the second.

Eauivalence classes are sets of symmetrically equivalent objects,

The pizzas shown below are grouped by their equivalence classes,
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Froblem 9. For each of the two equivalence classes shown ahove, draw an additional

pizza that belongs to each equivalence class.
R

ek

Problem 10. Suppose we have a bracelet with 4 beads on it, as shown below., The
beads can either be white or black. We are tryving to find out how many different

tracelets we can make by assigning the color of the beads differently.

(-

How many symmeiries does the

(1) Describe the symmetries of the bracelet.

bracelet have?
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(3} Group the bracelet colorings into equivalence classes.

{4) How many equivalence classes are there?

7

l

How many ditferent bracelets can we make?

=
[
s

{6 How is the number of different bracelets related to the number of equivalence
classes?

B el Naienca Chen




