Modular Arithmetic, Part 11

April 10, 2016

- Modular arithmetic. Last week, we introduced modular congruen-
cies. Two whole numbers ¢ and b are said to be congruent modulo n,
often written ¢ = b (mod n), if they give the same remainders when
divided by n.

Warm Up

Draw a picture showing mod 8 arithmetic on a circle (similar to mod 12
arithmetic on a clock).
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(1) Reduce the numbers in modular arithmetic.

(a) 17 = (;Z (mod 5) D'T’: ;/xg + ;2:(
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®2= 4 (mod10 [/{9:2"[0@]
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wsi= () mod 1y [9/:%/3%@]

@-1= L @modn [-;:(-/)xgjg%_/]

H —10= (;2 (mod 6) F/O: (*]) Xé 7’5

®-1= /- ’ modn)[ x/L +(/; ﬂ
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- (2) Fill in the addition and multiplication tables.

. [EVEN[ oDD . |EVEN| oDD
BVEN| (e | Odd EVEN | £)on | Epen
ODD | O)df | Cyen ODD || £yen | (hfd

(3) Fill in the addition and multiplication tables below in the case of
modulus n = 2.

. 0 1 : 0 1

ot e C 1O |0
1 10 NN |

(a) Any even number can be represented by 2 x n. Reduce this
number in mod 2 arithmetic.

e = O (modZ)[%XA:ZXAiQ]

(b) Any odd number can be represented by 2 x n + 1. Reduce this
number in mod 2 arithmetic.

2xn+1= r (mOdQ)/;,?Xﬂ’;/:/)m:__[J
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(4) There are 931 students in Franklin Elementary School. During
an assembly, all of the students gather together and form a grid.
The figure below shows what the grid looks like. The number
of students in each row is even, and the number of students in
each column is even. Did all of the students attend the assembly?
Explain your answer.

L ot all fhe shdets atferded
: oo : """ ;'_ T/)e ymd JCHLS an even /7f//}/iéer< (/”JC
PTliN Sfuden k. Jt an odd Jomber oF
TN shduts shwed dp

(56) Use modular arithmetic to solve the following problems.
(a) Winter went to the store to buy candy, juice, and ice cream.
Candy costs $2.00, juice costs $4.00, and ice cream costs $6.00.
She spent $23.00. Is this possible? Explain why or why not.

N(WL 55/“6. ﬂ/)y (Zomémmt/ﬂw o5 ks will
stu{f@ I AN eve ﬁ?/&l/’ Winter spent ar gdd

amoott 05 dollars foweytR.

[aﬂy combnatn 0% bes J(mod @) # AS mol

(b) Lucy went to the store to buy milk, bread, eggs, and pencils.
Milk costs $4.42, bread costs $1.64, pencils cost $0.72, and eggs
cost $4.98. Her total bill ended up being $31.63. Is this possi-
ble? Explain why or why not.

/\/of' fOSSl“@w Samt Jieasonity as W

[d/’ly C.Oif"’iéma/‘/c}m o5 /ﬂ"mgj(ﬁ:,wly‘?) # g/{émm}g
(*hmf‘c’, U5¢ f@/’ﬂl@ﬁiﬂo/- BYNZ)

tyan
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(6) Fill in the addition and multiplication tables in the cases of mod-

6.

ulus n

4,n=25,andn

(a) Modulo 4:

O ™| ¥|—
Olre o
QT8 | o
DQ|0|
o | ||
M Q — T8
S (N O —
—| o™ Q
Ol— s | ™
o |m | |

() Modulo 5:

Ylolx | WM |—
1™ lle ] —| X
N O ||| —| ™
i Al Il i S A I
© VI IO
X||© |~ [ | | <H
+ RO || [
o M 1O | |
NN = (D |—
= e s = (O
° | O M
+H O |~ ||| <
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(¢c) Modulo 6:
+012345 ><012345
0l0|] |&|3|H]S olp|C|o|d|e|0
L[| A3 4|50 Lio| /S|4 1|5
212|314 |5 (0] 200 |a|4|0|A |4
s|3l4lslolr]a] |s3lelz]0]3]0|3
41 4\15(0|] 3|3 410y |04 |2
s\CIo (&3] [5]|o|5|4]|3]2]]

(7) Use the addition tables you filled out in the previous problems to
solve the following subtraction problems.

3—2= [ (mod 4)
4-3= | (modb)
4—1= 3 (mod5)

5—-2= 3 (mod 6)

(8) Use the multiplication tables to solve the following division prob-
lems

3+1= 3 (mod 4)

3+2= H (mod5)
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4+3= % (mod5)

2+3= p/ (mod5)

h+1l= 5 (mod 6)

(9) Zero Divsors
(a) A non-zero number k is called a zero divisor when there is
another number [ such that k x [ is equivalent to zero in arith-
metic mod n.
(i) Can you explain the name “zero divisor”?

A dwisor s a nmber Hat Judes q nmber

A 2ezo dwisvr 15 a nomber Tt dwides Zero 1 posfrevlon
(i1) Are there zero divisors in usual arithmetic?

— NO

' (iii) Use the multiplication tables you filled out earlier to find
all zero divisors in the following cases:
e Modulus: n = Zero divisors: A

A= Olpe W So 2 sa zens diisor

e Modulus: n = 5; Zero divisors: /] pn4,

e Modulus: n = 6; Zero divisors: 2 3
)

A 137 Ofmobb)
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(b) Without constructing any more multiplication tables, find all
zero divors for the following values of n:

Hn="7 [gk@Jlng-//yj

(i) j Z/’; 77@ Fero ISR Sor ol /L
will /(/W afl o ifs SacfokS

3 ot than 4 and 1

Gi)n=11
Jond.
vy n=12

X)—%ie//é

(¢) What can you say about zero divsors if n is prime?

T how will be no zeo IWISoRS 15 5 1

PRIME
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What is Congruency?

You're all familiar with with equality (=), but modular arithmetic uses con-
gruency (=). Why does modular arithmetic use congruency? Take for example
11 = 7(mod4) = 3. I am saying “11 is congrugent to 7 (mod4) and 7 (mod4)
equals 3.” 11 is congruent to 7 (mod4) becacause 11 (mod4) equals 7 (mod4).
I say 7 (mod4) equals 3 because the result of 7 (mod4) is actually 3. 11 doesn’t
equal 3, so 11 cannot be equal to 7(mod4), it can only be congruent.

(10) Provide numbers that are both congruent and equal to the following. I want
you to be creative, so the two numbers you provide for each answer cannot be
the same (e.g. 3 = 7(mod4) = 3 even though it is true).

7 | “all congroent salves o be

| Foond Ly adding @ L o

(b) llE 16 (mod5) = ‘ Wﬁﬂ%LVZQ yOUiRC ZLG/(Mﬁ /’/’{ }7/{00{0 "
$

4% = 9= Jpod B-

(d)-—{ =7 (mod8) = 7’ ot "‘5’3 XWC?} 7‘)

(a) C] = 2 (mod7) =

(@) 30=23(mod12) = | |

(e)ﬂ?L/E (20mod4) = O

(11) Make up your own problem about modular arithmetic. Show the problem to
your teacher and then to a partner.

VV (/56 CMV //206/@/’4 ;/zom 7%/3 OR 7%6 /ogel/!()(/s

wakfﬁa% as a/"/z@o(e/,




