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Exercise 1. Removing any edge from the n-cycle makes it a tree, it has n edges, therefore
also n spanning trees.

Exercise 2. First let us deal with the case when our spanning tree includes the shared
edge. Then we want to remove one edge from each of the cycles. There are 2 ways to
remove an edge from the first cycle and 4 ways to remove an edge from the second one
without removing the shared edge, which gives us 8 possibilities in total. If we do remove
the shared edge, we are left with a single 6-cycle, from which there are 6 ways by Ex. 1
to make a spanning tree. So in total we have 8 + 6 = 14 spanning trees.

Exercise 3. We generalize the approach we used in Ex. 2. If we keep the shared edge,
there are s− 1 ways to remove and edge form the first cycle and t− 1 to remove an edge
from the second, so (s− 1)(t− 1) in total. If we remove the shared edge, we are left with
a single (s + t − 2)-cycle, which has s + t − 2 spanning trees. So the total number of
spanning trees is (s− 1)(t− 1) + s + t− 2 = st− 1.

Exercise 4. Suppose that the result is a tree, but not a spanning tree. Then pick any
vertex v ∈ Vtree, and a vertex u /∈ Vtree. Since our initial graph is connected, there exists
a path a0, . . . , an with a0 = v and an = u. Pick the vertex from Vtree in this path with
the biggest index. It exists, since at least a0 ∈ Vtree, and it is not an, since u /∈ Vtree.
Let it be ai, i < n. Then let us look at the edge (ai, ai+1). By definition ai ∈ Vtree, and
ai+1 /∈ Vtree. So there is an edge with exactly one endpoint in Vtree, contradicting the
fact that our algorithm has terminated. So the result of the algorithm must have been a
spanning tree.

Exercise 5. Let us run this algorithm on the following graph:

1



Suppose the labeled vertex was picked as v0. Then the process of adding edges is shown
in the following pictures:

We can see that the result is not a tree, therefore the algorithm fails.

Exercise 6.

Exercise 7. Suppose the result is not a spanning tree. Then we can find an edge (ai, ai+1)
such that ai ∈ Vtree, and ai+1 /∈ Vtree (see solution for Ex. 4 for details). Suppose adding
this edge creates a cycle. Then this cycle must contain this new edge. This means that
ai+1 is in the cycle, so it has degree at least 2. But in was not in Vtree before we added
the edge (ai, ai+1), so its degree is exactly one. So adding this edge could not create a
cycle, contradicting the termination of the algorithm.

Exercise 8. True. Suppose we have a minimal spanning tree T of our graph G, (u, v) is
the unique minimal edge of G, and (u, v) /∈ T . Since T is a spanning tree, there is exactly
one path between u and v in T . Therefore the graph T ∪ (u, v) (T with the edge (u, v)
added to it) has exactly one cycle, which is going through the edge (u, v). Then let us
take any edge (a, b) 6= (u, v) in this cycle, and remove it. Now we have a graph T ′, which
is a tree, since we have destroyed the only cycle in T ∪ (u, v) by removing an edge from
it. It is also a spanning tree of G, since the only vertices we could lose while removing
the edge were a and b, but since the edge (a, b) was in a cycle, both a and b had degree
at least 2, so removing an edge between them leaves their degrees in T ′ strictly positive.
So T ′ is a spanning tree, and since w(u, v) < w(a, b) it has the sum of weights of edges
strictly less then T , contradicting T being the minimal spanning tree.
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Exercise 9. False. Any tree G with a unique maximal edge could serve as a counterex-
ample, since it would have only one spanning tree – itself, which would have to contain
all of its edges. For example, a graph with just two vertices and an edge with weight 1
between them works.

Exercise 10.

Exercise 11.

a)

If the square has side 1, then the total length of wire in this case is 2
√

2 ≈ 2.83 < 3.

a)

Since the segment in the middle has length 0.5, the total length of the wire is 2(2
√

0.52 + 0.252+
0.25) =

√
5 + 0.25 ≈ 2.74 < 2.8.
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