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Non-Euclidean Geometry

Over 2,000 years ago, Euclid discovered the principles of the geometry we are most familiar
with in our standard school geometry courses. His main work, The Elements contains most
of what we associate with geometry. This is referred to as Euclidean geometry. Notably,
The Elements contains five postulates.

1. Any two points can determine a straight line.

2. Any finite straight line can be extended in a straight line.

3. A circle can be determined from any center and any radius.

4. All right angles are equal to one another.

5. (Parallel Postulate) If two straight lines in a plane are crossed by a transversal, and
the sum of the interior angles on the same side of the transversal is less than two
right angles, then the two lines extended will intersect.
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After centuries of failed attempts to prove the Parallel Postulate,mathematician Girolamo
Saccheri derived some of the first results in non-Euclidean geometry in his attempt to prove
the Parallel Postulate.

*There is a di↵erent version of the Parallel Postulate called Playfair’s Axiom, which states:

Given a line and a point not on that line, there is one and only one line that passes
through the given point that is parallel to that line.

Problem 1. First consider a quadrilateral ABCD, with summit angles C and D acute.

a. Does AB = CD? If not, is AB greater than CD? Less than CD?

b. Is an angle inscribed in a semicircle equal to a right angle? If not, is it less than or
greater than a right angle?

c. Given a point P and a line L, how many lines are there passing through P parallel to
L?

d. Do two parallel lines always have a common perpendicular?

e. Are parallel lines necessarily equidistant

f. If two lines are cut by a transversal and the sum of the angles on the same side of the
transversal are less than two right angles, do the lines necessarily meet?

g. Do lines always extend indefinitely?
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Problem 2. Consider a quadrilateral ABCD where the summit angles C and D are obtuse.
Repeat a-g from Problem 1.

Problem 3. If conditions b-g hold as determined in Problem 1 hold, Prove that the sum of
the angles of an n-gon is less than (n� 2)⇡

Problem 4. If conditions b-g hold as determined in Problem 2 hold, Prove that the sum of
the angles of an n-gon is greater than (n� 2)⇡.

Problem 5. Given two triangles with angles summing to more than two right angles with
equal angles, does AAA similarity hold? Are the triangles also congruent? Why or why
not?

Problem 6. Imagine lines of finite length formed by the equators on the surface of a sphere.
Such lines are known as great circles. This is a model of what is known as Elliptic Geometry.
Two points, which lie on more than one great circle are called antipodal points. Consider
these antipodal points x and y respectively. If antipodal points are considered to be the
same point, this is called the real projective plane on the sphere. What is the area of a
triangle on the real projective plane?
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Now imagine again that there are infinitely many lines passing through any point P

through any given line L. When this is the case, we are speaking of lines in the hyperbolic
plane. There exist many di↵erent models of hyperbolic geometry. Three of the common
ones include the projective disk model, the hyperboloid model model, and the conformal
disk model. In the projective disk model, the model in two dimensions is defined within
the set of points on the unit disk {(x, y) : x2+ y

2
< 1} , where lines are straight cords with

endpoints on the boundary of the disk. {(x, y) : x2 + y

2 = 1}. The boundary represents
infinity and the distance between points a and b is defined as d(a, b) = 1

2 | ln[a, b, x, y]|,
where [a, b, x, y] = |a�x||b�y|

|a�y||b�x| , and points x and y are collinear with a and b.

In the hyperboloid model, the model in two dimensions is defined as the points of an
imaginary unit sphere defined by the set ||x||2 = �1, where x is a complex vector and
||x|| = x · x. The conformal disk model is similar to the projective disk model. The model
is defined on the unit disk, with the boundary representing infinity. Lines are defined as
either a Euclidean diameter of the disk with endpoints on the boundary, or a Euclidean
circular arc, with endpoints on the boundary of the sphere forming right angles. Distance
is defined as | ln[a, b, x, y]|.

Problem 7. Verify the following two statements for the above stated models of
Hyperbolic and Elliptic Geometry.

1. For every two points A,B, there exists a line that contains each of the points A,B.

2. For every two points A,B, there is not more than one line that contain each of the
points A,B.

Problem 8. Consider the above stated model of Elliptic Geometry, except where antipodal
points are not the same point. What issue arises?
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