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1. Constructive Ramsey Theory

Definitions

• A graph consists of a set V of vertices, and a set E of pairs of distinct vertices (called
edges).

• A complete graph is a graph that has all possible edges; that is, every pair of vertices
is connected by an edge. A complete graph with m vertices is called Km.

• A subgraph of a graph (V,E) is a graph (V 0, E 0) where V 0 ✓ V , E 0 ✓ E, and all
vertices on both sides of every edge in E 0 is in V 0. If only the vertices of a subgraph
are specified, we assume that every edge between those vertices in the bigger graph
is included in the subgraph.

Problem 1 Draw K1, K2, K3, K4, and K5.

Problem 2 How many edges are there in Km?

Problem 3 How many subgraphs that look like Kn does Km have?
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Definitions

• A 2-coloring of the edges of a graph consists of choosing one of two colors (say, red
and blue) for each of the edges of a graph.

• A subgraph of a 2-colored graph is called monochromatic if all the edges in that
subgraph are the same color.

Problem 4 How many di↵erent ways are there to 2-color the edges of K3? Of K5? Of
Km?

Problem 5 Can you 2-color the edges of K4 so that there are no monochromatic trian-
gles? How about K5?

Problem 6 Can you 2-color the edges of K6 so that there are no monochromatic trian-
gles? If you’re not sure, play a game with your neighbor - take turns coloring edges, with
the first to create a monochromatic triangle as the loser.



Problem 7 Prove that there are no 2-colorings of K6 without a monochromatic triangle
subgraph.

Problem 8 Prove that any 2-colored K12 contains at least 2 distinct monochromatic
triangles.

Problem 9 Prove that any 2-colored K12 contains two monochromatic triangles of the
same color.

Problem 10 Prove that any 2-coloring of K27 contains a monochromatic K4 subgraph
(hint: use the same method you used for problem 7).

Problem 11 Prove that any 2-coloring of a complete graph on 4m vertices contains a
monochromatic Km subgraph.



2. Destructive Ramsey Theory

Before, we were looking for when certain monochromatic subgraphs always exist based on
the number of vertices in a complete graph. Now, let’s look at the converse problem: when
is it possible for no monochromatic subgraphs of a certain type to exist?

Problem 12 How many 2-colorings of K11 are there?

Problem 13 How many 2-colorings of K11 are there such that 12345 is a monochromatic
K5?

Problem 14 How many K5 subgraphs of K11 are there?

Problem 15 Using problems 13 and 14, give an overestimate for the fraction of colorings
of K11 that have some monochromatic K5 subgraph. Then, use this prove that there is some
coloring of K11 with no monochromatic K5 subgraph.

Problem 16 Give a similar proof that there is a 2-coloring ofK100 without any monochro-
matic K10 subgraph.


